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ABSTRACT: We study extended Berezin and Berezin-Toeplitz quantization for compact
Kaéahler manifolds, two related quantization procedures which provide a general framework
for approaching the construction of fuzzy compact Kéahler geometries. Using this frame-
work, we show that a particular version of generalized Berezin quantization, which we
baptize “Berezin-Bergman quantization”, reproduces recent proposals for the construction
of fuzzy Kéhler spaces. We also discuss how fuzzy laplacians can be defined in our general
framework and study a few explicit examples. Finally, we use this approach to propose a
general explicit definition of fuzzy scalar field theory on compact Kéhler manifolds.
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®. Glossary of notation @

1. Introduction

The quantization of Kahler manifolds seems to play an increasingly important role in
certain areas of field and string theory. In particular, recent work on fuzzy geometry,
which is partly inspired by string theory, suggests that certain versions of “geometric”
quantization provide a framework for a better understanding of fuzzy spaces. In particular,
it was proposed in [fl] that a specific quantization procedure leads to a general definition
of fuzzy compact Kéhler manifolds. While originally formulated in terms of an explicit
embedding in projective space, this procedure has an intrinsic geometric meaning, which
we explore and clarify in the present paper.

It is perhaps not surprising that fuzzy Kéhler geometry turns out to be intimately
related with Berezin quantization [J] of compact Kéhler manifolds, which was studied in B~
and more recently in [f-[[4 in its Berezin-Toeplitz variant. As we will show, however,
the connection involves a few interesting twists. For example, the proposal of [l is not
ordinary (or classical) Berezin or Berezin-Toeplitz quantization in the sense of loc. cit., but
rather a modified “Berezin-Bergman” version, which can itself be viewed as a particular
realization of a more general Berezin-like procedure. To fully clarify the situation, we
introduce generalized Berezin and Toeplitz quantizations of compact Kéhler manifolds and
show how the proposal of [] fits into this larger framework.

In classical Berezin quantization [J—f], one starts with a compact Hodge manifold
(X,w) (where w is the symplectic form) endowed with a Hermitian holomorphic line bundle
L whose Chern connection has curvature equal to —2miw. Using the Hermitian metric h
of L and the volume form of w, one constructs L?-scalar products (, )i on the spaces
of holomorphic sections Ej, := H?(L®F) of the positive tensor powers of L. One then
performs Berezin quantization at each sufficiently large level k using the coherent states
of the finite-dimensional Hilbert spaces (Eg,(, )x). The coherent states define Berezin
quantization maps Qy : Xx — End(Fj), where X are finite-dimensional subspaces of
C>®(X). A closely related quantization procedure known as Toeplitz quantization was
studied in [§—[[0, [[3, [(J]. This prescription has better asymptotic properties and is related
to Berezin quantization via a geometric version of the Berezin transform. Both quantization
prescriptions depend only on the data (X, L,h) — which determines! w; however, we will
often use the redundant parameterization (X,w, L, h) for reasons of notational clarity.

The extension discussed in the present paper starts with the observation that the
Berezin quantization maps ) at each fixed level k£ depend only on the holomorphic bundle
L®% and on the Hermitian scalar product on its space of holomorphic sections. Hence the
entire procedure can be generalized by replacing the L2-products (, ), with an arbitrary
sequence of Hermitian scalar products ( , ), on the spaces Ej. This results in what we

!Notice that (X,w, L) determines h up to a constant factor.



call generalized Berezin quantization of the Hodge manifold (X,w). While classical Berezin
quantization depends on the data (X, L, h), its generalized version depends on (X,w, L) and
on the sequence of scalar products ( , ); on the spaces H 0(L®k), where L is a holomorphic
line bundle such that ¢; (L) = [w]. This gives a large class of apparently novel quantizations
of (X,w). A similar extension exists for Toeplitz quantization and depends on the same
data plus the choice of a Radon measure on X. It is related to the corresponding generalized
Berezin quantization via an extension of the geometric Berezin transform.

Using this framework, we will show that the procedure proposed in [[[] amounts to per-
forming generalized Berezin quantization with respect to a certain series of scalar products
on Ej, which are induced in an intrinsic manner from a given scalar product on F; = HO(L).
This quantization prescription, which we shall call Berezin-Bergman quantization, depends
only on the data (X,w,L,( , )) and generally differs from the classical Berezin quanti-
zation based on (X,w, L,h). It is intimately related with a certain sequence of Bergman
metrics [I5§] on X and might be of interest in studies of Kihler metrics of constant scalar
curvature. Berezin-Bergman quantization has a series of simplifying features which make
it eminently computable. In particular, it is rather straightforward to determine the asso-
ciated quantum objects in this prescription. As an application, we consider a sequence of
truncated Laplace operators inspired by this quantization scheme, which can be used to
approximate the spectrum of the full Laplacian. These truncated Laplacians correspond to
the standard fuzzy Laplacian in the case of complex projective spaces. Explicit numerical
computations are presented for the quadratic and cubic Fermat curves in P? (the complex
planar conic and an elliptic curve, respectively).

We will show that classical Berezin and Berezin-Bergman quantization agree for the
case of complex projective spaces, in which they both recover the usual fuzzy geome-
try construction. The reason for this agreement is due to the fact that P* = U(n +
1)/ (U(n) x U(1)) is a Kéhler homogeneous space, and that both quantization prescrip-
tions are compatible with the transitive U(n + 1) action. Since they agree for the only
well-studied examples of fuzzy compact Kéahler spaces, it follows that both quantization
schemes provide potential definitions of general ‘fuzzy compact Kéahler manifolds’. Which
of these one chooses to use depends on the desired asymptotic properties in the classical
(i.e. large k) limit, which are currently well understood only for classical Berezin quanti-
zation. Thus one could as well choose the latter as a general definition of fuzzy Ké&hler
geometry.

Generalized Berezin-Toeplitz quantization provides a precise framework for “lifting”
operators from the space of functions to the quantum Hilbert space, an operation which we
call Berezin-Toeplitz lift. We propose to define the “fuzzy” Laplacian of a compact Hodge
manifold as the Berezin-Toeplitz lift of the Laplace operator through the Berezin-Toeplitz
quantization of that manifold. Together with the integral representation of the trace also
derived in the present paper, the Berezin-Toeplitz lift of the Laplacian enables us to give
an explicit definition of fuzzy scalar field theory on arbitrary compact Hodge manifolds.
This construction might be of interest for the fuzzy field theory community.

The paper is organized as follows. In section 2, we recall some facts about polarizations
and quantum line bundles, mostly in order to fix our notations and terminology. We also



discuss Bergman metrics and metrized Kodaira embeddings and introduce a “relative”
version of Rawnsley’s epsilon function [B], which will prove useful for our purpose. In
section 3, we introduce the generalized Berezin and Berezin-Toeplitz quantization defined
by a sequence of scalar products and explore their basic properties. In particular, we discuss
the relation between the two extended quantization procedures and address the effect of
changing the scalar products. We also discuss the notion of relatively balanced Bergman
metrics, which enters naturally in our set-up, as well as the lift of linear operators from the
space of functions to the quantization space. Finally, we construct the generalized Berezin
(coherent state) product and give the description of the quantization in the language of
star algebras. In section 4, we recall the basic properties of classical Berezin and Berezin-
Toeplitz quantization and in particular their asymptotic behavior, which allows for the
construction of the associated formal deformation quantizations [[i, B, [[d, [J]. We also
briefly discuss the classical quantization of affine and projective spaces, which will be used
later. For projective spaces, we follow an approach which recovers the formalism used in [If,
showing that the notion of fuzzy projective spaces [[7] coincides with the classical Berezin
quantization of those spaces. section 5 gives the general description of Berezin-Bergman
quantization. After presenting the intrinsic formulation, we show how one can recover the
description through embeddings in P™ and clarify some of its basic properties. We also
show that the Berezin-Bergman quantization of P™ coincides with the classical Berezin
quantization of the latter, an accident? which is due to the fact that complex projective
spaces are homogeneous Kéahler manifolds. Section 6 takes up the issue of “quantized
harmonic analysis” in the framework of classical Berezin quantization. We discuss two
ways of constructing a fuzzy Laplace operator. One is used to compute the approximate
spectrum of harmonic functions on Fermat curves, while the other one appears in the
construction of fuzzy scalar field theory on arbitrary compact Hodge manifolds.

2. Polarizations, quantum line bundles and Bergman metrics

2.1 Polarizations and quantum line bundles

Consider a connected compact complex manifold X of complex dimension n. Recall that
a polarization of X is a positive holomorphic line bundle L over X. Given a polarized
complex manifold (X, L), there exists a positive integer ko such that the tensor powers
LF := L®* are very ample for all k > ko; in particular, X can be presented as a projective
algebraic variety by the Kodaira embedding determined by L* for any k > k.

A Kihler form w on X is called integral if its cohomology class [w] belongs to H?(X, Z);
in this case, (X,w) is called a Hodge manifold. Given a polarization L of X, the Kéhler
form is called L-polarized if [w] equals ¢1(L). In this case, L is called a Kdahler polarization
of (X,w) and the triple (X, L,w) is called a polarized Hodge manifold. It is well-known
that any Hodge manifold (X,w) admits Kéhler polarizations; moreover, the isomorphism
classes of Kéhler polarizations for (X,w) form a torsor under the Abelian group Pic®(X)

2Such a simple relation between Berezin-Bergman and Berezin quantization should not be expected for
general compact Hodge manifolds.



of degree zero holomorphic line bundles. In particular, Kihler polarizations of (X,w) are
unique up to isomorphism when X is simply connected. Conversely, a polarized complex
manifold (X, L) admits K&hler metrics whose Kahler class equals ¢ (L).

Given a polarized manifold (X, L), there exists a well-known bijection between L-
polarized Kéhler metrics on X and homothety (positive constant prefactor rescaling) classes
of Hermitian bundle metrics on L. Recall that this bijection is determined as follows:

(a) Given a Hermitian metric h on L, there exists a unique Kéahler metric on X whose
Kahler form satisfies w = ﬁF , where F' is the curvature of the Chern connection®
V of (L,h). This Kéhler metric is automatically L-polarized since ¢i(L) = o= [F].

Multiplying h by a positive constant does not change the associated Kéhler metric.

(b) Given an L-polarized Kéhler form w, there exists a Hermitian metric h on L such that
w = 5= F, where F is the curvature of the Chern connection of (L,%). The metric
h is determined by w up to multiplication by a positive constant. Such a Hermitian
line bundle (L, h) is sometimes called a quantum line bundle for (X,w), and one says
that (X,w, L, h) is a prequantized Hodge manifold. Two quantum line bundles (L, h)
and (L', 1) for (X,w) are called equivalent if there exists an isomorphism ¢ : L — L’
of holomorphic line bundles such that ¢*(h’) = h. Equivalence classes of quantum
line bundles for (X,w) form a Hom(m;(X), S')-torsor.

Given a quantum line bundle (L, h), one can endow L* with the induced metric hj, =
h®* and with the corresponding Chern connection V; = V®*. Then w = ﬁFk, where
Fy, = kF is the curvature of Vi. A fixed positive measure p on X induces a Hermitian
scalar product on the space of smooth sections I'(LF):

<81782>/]j’h ::/Xdu hk(Sl,Sg) . (2.1)

We let L2(L,h,p) be the L2-completion of I'(L¥) with respect to this scalar product.
The finite-dimensional subspace H°(L*) C T\(L*) of holomorphic sections inherits a scalar
product, which we denote by the same symbol. The standard choice for pu is the Liouville

measure determined by the canonical volume form ‘;’1—? of (X,w):

wTL
Gl = [ 25 husrsa) | (2.2
X .

however, it is often useful to work more generally. For example, one has another natural
measure — namely that defined by the volume form Q A Q — when (X,w) is algebraically
a Calabi-Yau manifold, (i.e. when ¢;(TX) = 0) with holomorphic top form 2. In these
cases, one is often interested in Kéhler forms w in a given integral cohomology class, which
however differ from the Kéhler form wcy of the Calabi-Yau metric in that class. (Thus
one has [w] = [wey] = ¢ for some positive class ¢ € H?(X,Z) but w # wcy.) Recall that
wcy is not explicitly known in practice. In such a situation, one has “’n—T £QNQ = W%Y

3The Chern connection is the unique connection on (L, h) which is both Hermitian and compatible with
the holomorphic structure.



An automorphism of a prequantized Hodge manifold (X,w, L, h) is a pair v := (79, 71)
such that - is a holomorphic isometry of (X,w) and « is a holomorphic bundle isometry
of (L, h) above 7g. In particular, i (z) is an isometry from (Lg, h(x)) to (Lo ), h(70(2)))
for all z € X. The automorphisms of (X,w,L,h) form a group which we denote by
Aut(X,w, L, h). This group acts linearly on the space of sections H°(L*) via:

p(N(s) =1 osongt (s € HOLY) . (2.3)

The actions pp : Aut(X,w,L,h) — End(HY(L¥)) are unitary with respect to the L?-
scalar product (B-]) provided that the measure g is invariant under the group Aut(X,w) of
holomorphic isometries of w. This is the case, for example, when p is the Liouville measure
defined by w.

An automorphism 7 is called trivial if 79 = idy and ~; is given by v;(x) = (e!®)- for
all z, where « is a real constant. Thus Aut(X,w, L, h) always contains a U(1) subgroup.
The quotient Aut(X,w,L,h)/U(1) is the subgroup Autyz ;(X,w) C Aut(X,w) of those
holomorphic isometries vy of (X,w) which admit a lift 47 : L — L such that (y9,7v1) is an
automorphism of (X,w, L, h). Thus we have an exact sequence of groups [[JJ:

1 —U(l) = Aut(X,w, L, h) — Autp 5 (X,w) — 1 . (2.4)

In general, the inclusion Auty, ,(X,w) C Aut(X,w) is strict, i.e. not every holomorphic
isometry admits a lift. The obstruction to the existence of such a lift lives in the group
Hom(m(X),SY), so in particular Auty ,(X,w) equals Aut(X,w) when X is simply con-
nected. Notice that Aut(X,w) is usually discrete since a generic Hodge manifold has no
continuous holomorphic isometries. The case usually studied in the fuzzy literature (namely
that of rather special homogeneous spaces) is highly non-generic in this regard.

Remark. A holomorphic section o of L which is not identically zero yields a local frame
above the open set U, := {x € X|o(x) # 0}. With respect to this frame, the Chern
connection V of (L, h) is given by V = d + dlog h(o, o), where d = 0 + 0 and 0 are the de
Rham and Dolbeault operators. Its curvature is F' = —90 log h(co, o) = —2miw. Hence the
function K, := —log h(o, o) defines a local Kéhler potential on Us:

7 _
= 5_ o -

Every section s € I'(L*) can be written above U, in the form s = fo®* where f is a
smooth complex-valued function on U,, which is holomorphic iff s is holomorphic. When
the measure p satisfies u(X \ U,) = 0, this gives isometries of I'(L*) and HY(L*) with
the spaces of smooth, respectively holomorphic functions on U, endowed with the scalar
product:

<f,g>k,a=/U dp e *¥ fg . (2.5)

It follows that L2(L,h,p) can be identified with the space L*(Uy, e *p).



2.2 Parameterizing hermitian bundle metrics and polarized Kahler forms

Fixing a polarized complex manifold (X, L), let L be the total space of L and Lg be the
total space with the graph o of the zero section removed. Hermitian metrics A on L are
uniquely determined by their square norm functions h € C*°(Lg, Ry ):

h(q) == h(g,q) . g€L .

These are smooth non-negative functions on L, strictly positive on Ly and having the
property h(cq) = |¢[2h(q) for all ¢ € L and all ¢ € C (this property implies h|, = 0). The
set Met (L) of Hermitian metrics on L can be identified with the set of all such functions on
L and thus forms an infinite-dimensional convex cone in C*°(L,R). As a consequence, L-
polarized Kéahler metrics are parameterized by rays in this real cone. If we fix a reference
metric hg on L, then any other metric h is described by the smooth positive function
o = hio on X, and we find that Met(L) can also be identified with C*°(X,R% ). Taking
the logarithm ¢ = log ¢, this gives bijections between Met(L) and C*°(X,R), as well as
between the set of L-polarized K&hler metrics and the space {¢p € C*(X,R)[¢(z) = 0},
where x is any fixed point of X.

In this paper, we will use a slightly different parameterization in the case when L
is very ample. For any q € Lo, we let ¢ : H(L) — C be the linear functional (called
evaluation functional) defined through:

s(m(@) = d(s)a, s€ H(L), (2.6)

where 7 : L. — X is the bundle projection. We have the obvious property ¢q = %(j for all
non-vanishing complex numbers c¢. The very ampleness of L implies ¢ # 0 for all ¢ € L.

A Hermitian scalar product ( , ) on the finite-dimensional space H°(L) induces a
scalar product on the dual space H°(L)* = Homc(H°(L),C), which allows us to consider
the Hermitian metric hg on L whose square norm function is given by:

1
(and hpl|, = 0). This is called the Bergman metric* [[] on L defined by the scalar product
(, ). Since we now have a reference Hermitian metric on L, we can describe any other
metric h via the positive function:

€:= Ah € C¥(X,RY) , (2.8)

hp

which we call the epsilon function of h relative to (, ):

h(q,q) = e(m(q))hB(q,q) - (2.9)

Thus Hermitian metrics on L are parameterized by their relative epsilon functions, once
we fixed a scalar product on HO(L).

4The name of these metrics honors the work of the mathematician Stefan Bergman.



The relative epsilon function defined above depends on h and on the scalar product
chosen on HY(L), and is a generalization of the more familiar object considered in [J—[.
To make contact with the latter, notice that fixing h gives a distinguished choice of a scalar
product on H°(L), namely the L2-product (, ) defined by h and by the Liouville measure
of the associated Kihler form w. The epsilon function of h with respect to this L?-scalar
product depends on h only (remember that w is determined by h), and will be called the
absolute epsilon function of h. The latter is the epsilon function considered in [B—f.

The L-polarized Kéhler metric on X determined by hp is called the Bergman metric
on X induced by ( , ). Its Kéhler form is denoted by wp. The Kéhler form w determined
by the Hermitian bundle metric (R.9) takes the form:

w=uwp — i@gloge ,

so as expected we have w = wp iff the relative epsilon function of h is constant. Since
w determines h up to multiplication by a constant, it also determines the relative epsilon
function of the latter up to the same ambiguity. We will see below that the L-polarized
Bergman metrics are those metrics induced on X by pulling-back Fubini-Study metrics
through the Kodaira embedding i : X < P[H°(L)*] determined by the very ample line
bundle L, where the Fubini-Study metric being pulled-back is determined by the scalar
product on HO(L)*.

Remarks.

1. Let n + 1 := dimcH"(L) and pick an arbitrary basis sg...s, of HY(L). Setting
Gij = (si,sj), we have:

n
ldll> = G7q(si)a(s;) (a €Lo)
i,j=0
where G are the entries of the inverse matrix to (Gy;):
n
> GG =6 .
j=0
The norm square with respect to the bundle Bergman metric determined by ( , )

takes the form: )

h 5 = T L )
ol > =0 GYd(si)d(s;) € lo)

while the epsilon function relative to (, ) of an arbitrary Hermitian metric h on L is

given by:

n

e(@) =Y GIh(@)(si(z),s5(x)) -

i,j=0
The Hermitian metric h is given as follows in terms of its relative epsilon function:
€(z)

h(q,q) = e(x)hp(q,q) = i5 ()
(¢;9) = e(x)hB(q,q) > im0 Ga(si)d(s;)




2. Bergman bundle metrics on L are in bijection with Hermitian products on H°(L),
which form the non-compact homogeneous space U(n + 1,C) \ GL(n + 1,C) under
the action of GL(n + 1,C) ~ GL(H°(L)). They are extremely special in the set of
all Hermitian bundle metrics on L. Correspondingly, L-polarized Bergman metrics
on X are extremely special among L-polarized Kahler metrics.

3. The L%-scalar product on HY(L) defined by hp and by the volume form of wp:
(s,t) :/ ﬁhg(s,t) (s,t € HY(L))
x n!

need not coincide with the scalar product ( , ) which parameterizes hp. If they do,
one says that the scalar product ( , ) and associated Bergman bundle and manifold
metrics hp, wp are balanced [[[§. It is clear that wp is balanced iff its absolute epsilon
function is constant; Hermitian line bundles (L, hp) endowed with balanced bundle
metrics were called regular in [}, {]. It was shown in [[§ that a balanced scalar
product on H°(L) is unique up to a constant scale factor if it exists, so L-polarized
balanced metrics on X are at most unique. A polarized complex manifold (X, L) is
called balanced if H%(L) admits a balanced scalar product. When L is very ample,
it is known (see e.g. [[Id, R{]) that (X, L) is balanced iff its Kodaira embedding i(X)
is Chow-Mumford stable in the projective space P[H°(L)*].

2.3 Bergman metrics from metrized Kodaira embeddings

Let X be a compact complex manifold. By the Kodaira embedding theorem, a very ample
line bundle L gives a holomorphic embedding i : X < PV, where V = E* and E := H°(L)
is the space of holomorphic sections of L, whose complex dimension we denote by n+1. The
embedding allows us to view X as a regular projective variety in PV, whose homogeneous
coordinate ring R(X, L) = @p>0H (L¥) is generated in degree one. In particular, L and
the pull-back i*(H) of the hyperplane bundle H := Opy (1) are isomorphic as holomorphic
line bundles.

Conversely, if we are given any smooth projective variety X in a projective space PV
whose vanishing ideal I(X) is generated in degrees greater than one, then the restriction
Ox (1) = Opy(1)|x is very ample and the embedding X <PV can be viewed as the Kodaira
embedding determined by this restriction. The space of holomorphic sections of Ox(1)
identifies with the vector space £ = V*.

A metrized Kodaira embedding is a Kodaira embedding determined by a very ample
line bundle L on X together a fixed choice of a Hermitian scalar product (, ) on its space of
holomorphic sections E := H°(L). For such embeddings, the scalar product on E induces
a scalar product on V = E*, which makes PV into a (finite-dimensional) projective Hilbert
space. The latter carries the Fubini-Study metric® determined by the scalar product. Its
Kahler form is given by:

*(wrs) (0) = 5-00log([vl]*)

®Recall that homogeneous Kihler metrics on PV are in bijection with Hermitian scalar products on E
taken up to constant rescaling, and these are the Fubini-Study metrics. They are all related by PGL(E)-
transformations.



where 7 : V' — PV is the canonical projection while || || is the norm induced on V = E*.
There exists a one to one correspondence between metrized Kodaira embeddings of X
and holomorphic embeddings in finite-dimensional projective Hilbert spaces such that the
vanishing ideal of the embedding is generated in degrees greater than one.

The Fubini-Study metric admits the hyperplane bundle H as a quantum line bundle,
when the latter is endowed with the Hermitian bundle metric hpg induced from FE. Since
L ~ i*(H) as holomorphic line bundles, the pull-back i*(hpg) defines a Hermitian metric hp
on L. The latter coincides with the Bergman bundle metric determined by ( , ). The pulled-
back Kéhler form wp = i*(wpg) admits (L, hp) as a quantum line bundle, and coincides
with the Bergman Kahler form determined by (, ). It follows that Bergman metrics on X
coincide with pull-backs of Fubini-Study metrics via metrized Kodaira embeddings.

Remark. A choice of basis zy...z, for £ = V* allows us to express v € V as: v =
> i Vies, where (e;) is the basis of V dual to (z;) and v; = z;(v). This gives an identification
of V with the space C"*! endowed with the scalar product given by (u,v) = E? =0 Gu,v;,
where the G% are given as above. Then PV identifies with P endowed with the Fubini-
Study metric defined by this scalar product. It is customary to choose an orthonormal basis,
in which case the Fubini-Study metric takes the familiar form in homogeneous coordinates.
In this case, the freedom of choosing the scalar product ( , ) is replaced by the freedom of
acting with PGL(n + 1,C) transformations on the homogeneous coordinates of P".

3. Generalized Berezin and Toeplitz quantization

Two related general methods for quantizing compact Hodge manifolds are provided by the
so-called Berezin and Berezin-Toeplitz quantization, which were studied in [J-f] and [d,
B0, fd-[4]. This quantization scheme realizes ideas going back to [F] in a modified
and extended form. In this approach, one starts with a prequantized Hodge manifold
(X,w,L,h) and considers the sequence of Hermitian vector spaces (Ej := HO(LF),(, )z)
for k > ko, where kg is a positive integer k such that L* is very ample for all k > k. The
Hermitian scalar products (, )x are taken to be the L%-products (.J) induced by h and
by the Liouville measure of w. At every level k, the Hermitian structure makes H°(LF)
into a reproducing kernel Hilbert space, and in particular allows one to introduce coherent
vectors, which are special holomorphic sections of L* parameterized by the points of X.
Using these vectors, one defines Berezin symbol maps oy, : End(Ey) — C*°(X), which turn
out to be injective due to compactness of X. The inverses on the images ¥ of these maps
provide bijections Qy, : ¥y — End(F}) which are known as Berezin quantization maps. The
collection (Q)r>k, of such maps constitutes the classical Berezin quantization of (X,w)
induced by the quantum line bundle (L, h).

A fundamental problem in this approach is to describe the asymptotic behavior of @y
for large k. One relevant problem is whether the sequence Q; defines in some manner
a formal deformation quantization of X, and to identify the corresponding formal star
product. It turns out that these questions can be answered quite elegantly by consid-
ering a variation of Berezin’s approach, which is known as classical Berezin-Toeplitz or

— 10 —



simply classical Toeplitz quantization. This modified quantization prescription consists of
replacing Q. by the so-called Toeplitz quantization maps Ty : C*°(X) — End(Ey), which
are constructed as integral operators with the help of the coherent state projector. The
asymptotic behavior of T (f) can be controlled using results of de Monvel, Guillemin and
Sjostrand [R3, B4], allowing one to prove [[q, §, [0, [J] that Toeplitz quantization gives rise
to a formal star product and thus to a formal deformation quantization of (X,w). Since
Berezin and Toeplitz quantization turn out to be related via a general version of the Berezin
transform (which corresponds to a “change of operator ordering”), this also allows one to
construct a formal star product corresponding to Berezin quantization [[[J] (see [[[4] for a
different approach).

The construction of classical Berezin and Toeplitz quantizations can be generalized by
considering an arbitrary sequence of scalar products ( , ) on the spaces H°(L*) instead
of the L?-products (P.J). This leads to what we call generalized Berezin and Toeplitz
quantizations. In this section, we discuss the basic properties of the resulting quantization
schemes. As in the classical case, an important question — which we do not attempt to
settle here — concerns the asymptotic behavior of these generalized quantizations for large
k, which will of course depend markedly on the choice of scalar products.

When studying the situation at each fixed level k > ko, the replacement L — LF allows
us to work with a very ample line bundle L while dropping the index k from the notation.
Let us therefore fix a compact complex manifold X, a very ample line bundle L on X and
a Hermitian scalar product ( , ) on the vector space E := H°(L), whose dimension we
denote by N+ 1. In the following we will sometimes consider an arbitrary basis sqg ... sy of
HOY(L). In this case, we let G be the Hermitian positive matrix with entries G;; := (si, s;)
and G% be the entries of the inverse matrix G~!. Any section s € E can be expanded as:

N
s = Z G (s;,5)s;
i,5=0
3.1 Coherent states

Given ¢ € Ly, consider the evaluation functional ¢ on E defined in (B.). By Riesz’s
theorem, there exists a unique holomorphic section e, € E such that (eq,s) = ¢(s) for all
s € E. Direct computation gives the explicit expression:

N
eq = Z G”'4(s)s5
i,j=0

which implies:
N

llegll® = >~ GYd(si)d(s))
i,j=0
Notice that e; cannot be the zero section, since that would imply that all sections of L
vanish at © = m(g), which is impossible since L is very ample. The element e, of E is
called the Rawnsley coherent vector [[J] defined by ¢. Also notice that eq depends only on
the scalar product chosen on F.
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If ¢’ is another non-vanishing element of the fiber L,, then ¢’ = cq for some non-
vanishing complex number ¢ and we have ey = %eq. It follows that the complex line
l, := (eq) = Ceq C E depends only on the point x € X. This can be interpreted as
follows. Let L be the line bundle obtained by reversing the complex structure of all fibers;5
this is a holomorphic line bundle over the complex manifold X obtained by reversing
the complex structure of X. The scaling property of coherent vectors implies that the
element e, := §®e, € L, ® H O(L) depends only on the point x € X. The scalar
product on HY(L) extends to a sesquilinear map taking [L, ® E] x [L, ® E] into L, ® L,,.
In particular, the combination K(x,y) = (e, e,) defines a holomorphic section K of the
external tensor product L& L (which is a holomorphic line bundle over X x X). This is the
reproducing kernel of the finite-dimensional Hilbert space (H°(L), ( , )). Also notice that
the vector e, gives a well-defined element [e;] of the projective space PE, which depends
antiholomorphically on « € X. This is called the Rawnsley coherent state at x. Thus
we have an antiholomorphic embedding j : X — PFE, called the coherent state embedding
(cf. [Id]); it can be viewed as dual to the metrized Kodaira embedding.

Rawnsley’s coherent projectors are the orthoprojectors on the lines [, C E:

leg) (eql
P, = (ge L, \{0}) . (3.1)
(eqleq)
They depend only on L, on the point z € X and on the scalar product chosen on E. Given
a linear operator C € End(FE), its lower Berezin symbol is the function o(C) : X — C
given by:
(eq|Cleq)

o(C)(x) :=tr(CP,) = Cealen)

(¢ € Lz \ {0}) . (32)
This gives a linear map o : End(F) — C*°(X), whose image we denote by . Notice that o
and ¥ depend only on L and on the scalar product (, ) chosen on E. The obvious relation:

o(C") = (C)

implies that X is closed under complex conjugation, i.e. ¥ = . Also notice that ¥ contains
the constant unit function 1x = o(idg).

3.2 Generalized Berezin quantization

It was shown in [fj] that the Berezin symbol map o : End(E) — C*(X) is injective when
(, ) is the L?scalar product defined by a Hermitian metric on L and by the Liouville
measure of the associated Kéhler form. We show below that the Berezin symbol changes
as in (B.19) when changing the scalar product. This implies that o is in fact injective
for an arbitrary scalar product on E. Hence the corestriction o|* : End(E) — X is a

5Thus the fiber L, coincides with L, as an additive group, but is endowed with the external multiplication
with scalars given by a * u = au for all « € C and all u € L,. The identity map becomes an antilinear
involution when viewed as a map from L, to L,. This gives an involution between L and L, which we
denote by an overline.
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linear isomorphism and we can associate an operator on E to every function f € X via the
generalized Berezin quantization map Q = (o)™ : ¥ — End(E):
QUf) =0 '(f) Vfex . (3.3)

The extension from the case of [J—[] is simply that we allow for an arbitrary scalar product
on E. The Berezin quantization map depends only on L and on the choice of this scalar
product. It satisfies the relations:

RNH=QWN" . QUx)=idp .
The Berezin star algebra. The Berezin product ¢ : % x 3 — 3 is defined via the
formula:

fog:=0(Q(f)RQ(9) & Q(fog) =Q(/)Q(9) - (3-4)

Together with the usual complex conjugation of functions f — f, it makes ¥ into a
unital finite-dimensional associative x-algebra. The Berezin quantization map gives an
isomorphism of x-algebras:

Q:(%,0,7) — (End(E),o,T) .

Recall that (End(E),o,1,]| ||lus) is a B*-algebra” with non-degenerate trace given by the
usual trace of operators. It follows that the induced linear map (called the Berezin trace):

/ f=t Q) (fex) (3.5)

is a nondegenerate trace on the Berezin star algebra (X, ¢,7):
=]
/ fog= / gof

/f<>g=0, VgeX=f=0 .

Moreover, the scalar product on ¥ (called the Berezin scalar product) obtained by trans-
porting the Hilbert-Schmidt product:

< f.9 5= Q). Qo)ms = tr () Qo) ) (3.6)

coincides with the scalar product induced by the Berezin trace:

<f,g>B=/f<>g -
Since (End(FE),o,1,|| |lus) is a B*-algebra, the norm defined by the Berezin product sat-
isfies:

1foglls < lIfllzllglls

Alls = 1Ifll5 -

Thus (X,0,7,]| ||g) is a B*-algebra with non-degenerate trace, and (Q, o) are mutually

inverse isomorphisms of B*-algebras with trace. Notice that ||1x||p = |[idg|lus = N + 1.

"A B* algebra is a Banach (||zy|| < ||z]| ||y||) *-algebra in which the identity ||z*|| = ||z|| is satisfied.
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The push and pull of linear operators. The isomorphism () allows us to transport
C-linear operators between 3 and End(FE). Given a linear operator O : ¥ — X, define its
Berezin push OB : End(E) — End(E) via:

OF =Qo0oo ©Qo0=0%0Q . (3.7)
Given a linear operator V : End(F) — End(E), define its Berezin pull though:
Vp:=0oVo@Q <& ooV=Vgoo . (3.8)

The operations of Berezin push and pull are mutually inverse linear isomorphisms between
Endc(¥) and Endc(End(E)). They are well-behaved with respect to the Berezin scalar
product on ¥ in the sense that the following identities hold:

< £,0(9) =5 = (Q(f),0%(Q(9)))ns
(C1,V(Ca))us = < o(f), Vs(a(9) =5 - (3.9)

In particular, the Berezin push of a <, >p-Hermitian operator is (, )ps-Hermitian and
the Berezin pull of a (, )gs-Hermitian operator is <, > p-Hermitian.

The squared two point function. For later reference, define the squared two-point
function ¥ € C*°(X x X,R) of coherent states:

exley)]?
U(z,y) == tr(P,Py) = o(Py)(x) = o(Py)(y) = % >0 . (3.10)

This function is symmetric and non-negative on X x X:
U(z,y) = ¥(y,z) Vz,y € X

and vanishes at points (z,y) such that e, is orthogonal to e,. The vanishing divisor of ¥
is known as the polar divisor [[Iq].

Behavior under automorphisms. Recall that the group Aut(X,w, L, h) acts linearly
on E (see eq. (2:3)). It is easy to check the relation:

p(’y_l)T(eQ) = €5(q)
Let us assume that the action p is (, )-unitary:
p(MT=py)" .
Then the relation above becomes:

p(7)(eq) = €y(q)

and the Rawnsley projectors satisfy:

Py = p()Pep(1) ™" (3.11)
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In particular, the square two-point function (B.1()) is invariant:

Y(v0(2),70(y) = ¥(z,y)
and the Berezin symbol map is Aut(X,w, L, h)-equivariant:
o(p()Cp(7) (&) = o(C) (g ' (z))  (C € End(E)) .
If we let p = p* ®c p be the representation induced by p on End(E):
pN(C) = p(1)Cp(M) ™,
then we can write the equivariance property above as follows:
ogop(y)=7(w)oo  (y€Auwt(X,w,L,h)) . (3.12)
Here 7 is the natural action of Auty, (X, w) on C*(X):
T()(f) = Forwg ' . (3.13)
which preserves the symbol space ¥ = im o as a consequence of (B.19):
T(0)(E) =% .
We will sometimes view 7 as a representation of Aut(X,w,L,h) via the morphism

Aut(X,w, L, h) — Auty, (X, w) (see (B-4)), without indicating this explicitly.

The properties above imply that the Berezin quantization map is equivariant as well:
P o@Q@=QoT7(y) (v€Auwt(X,w,L,h)) . (3.14)
Finally, the Berezin scalar product satisfies:

<7(0)(f);T(0)(9) === f,9 = (f,g€ X, v € Auty(X,w)) ,

which shows that the representation of Auty, (X, w) induced by 7 on the invariant subspace
¥ C C*°(X) is unitary with respect to <, >p. The Berezin trace (B.§) and the Berezin
product are also Auty, (X, w)-invariant:

[ern= [

T(10)(f) o T(70)(9) = T(0)(fog) -

and:
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3.3 Changing the scalar product in generalized Berezin quantization

Let us consider what happens when we change the scalar product. An arbitrary Hermitian
scalar product (, )’ on F has the form:

(s,t) = (As,t) = (s, At) (3.15)

with A a (', )-Hermitian positive-definite matrix.® The coherent states with respect to the
new product (, )" are given by:

g =A""eq (g€ Lo\ {0}) (3.16)

while the new Rawnsley projectors take the form:

Pl=——— A'P, (zeX) . (3.17)

The symbol o(A™1)(z) = w of A~! computed with respect to (, ) and the symbol

eqleq
_ (eqlAleg)’

o' (A)(z) = CATAY of A computed with respect to (, )’ are related by:

c(A Y (z) = ———— . (3.18)

Notice that o(A) and o’(A) are strictly positive smooth functions on X. Given an operator
C, we have more generally:

yin_ O(CATH
and: ©4)
o' (CA
(0 =5 (3.20)

Let @' be the Berezin quantization map defined by (, )’ and ¥/ C C*°(X) be the image of
o'. Equation (B.19) shows that

and that:
Q(f)=Qc(AHHA Vfex .

Proposition. The Berezin quantizations defined by two different scalar products on F
agree iff the operator A is proportional to the identity, i.e. iff the two scalar products are
related by a constant scale factor. In this case, the coherent states differ by a constant
homothety and the coherent projectors are equal.

80f course, A™! and thus A are also Hermitian and strictly positive with respect to (, ).
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Proof. The quantizations will agree iff o/(C) = o(C) for all C € End(E). Using re-
lation (B.2(), this implies 0(CA) = o(C)o(A) for all C € End(E). Taking the com-
plex conjugate and replacing C' by BT, we also find 0(AB) = o(A)o(B) for all B. Thus
0(AB) = o(BA) for all B, which implies that A commutes with all operators on E since o
is injective. Thus A = Aidg (with A > 0) by Schur’s Lemma, i.e. the two scalar products
differ by a positive constant rescaling. Conversely, it is clear that such a rescaling does not
affect the Berezin symbol map. The last statement follows from relations (B.16) and (B.I7).

Remarks.

1. The Hermitian conjugate C® of a linear operator C' € End(F) with respect to (, )’
takes the form:

Cc®=A"1ctA .

This allows one to check the identity (P,)® = P/ by direct computation. The property
(P!)? = P! also follows directly from the definition of the symbol o(A~1).

2. The operator Z := A'/? is an isometry from the Hilbert space (E, (, )) to the Hilbert

space (E,(, )):
(Zu,Zv) = (u,v)" . (3.21)

In general, this operator is non-local in x € X. The operators P, :=IPI ' =
AY2pP,A=1/2 are orthoprojectors in (E,( , )), but they are not the Rawnsley pro-
jectors of (, )’. The reason for this is that the coherent states with respect to the
latter scalar product have changed, and thus we have to (, )-orthoproject onto the
new coherent states. More generally, any invertible operator Z € GL(FE) can be used
to define a new scalar product on E via (B.21)). The decomposition C = UA with
A = (Z'T)Y? and U = ZA~! shows that (u,v) has the form (BI5) and that it de-
pends only on the positive operator A. Of course, the space of scalar products on F
can be identified with the homogeneous space U(N+1,C)\GL(N+1,C). Taking into
account the previous proposition, we find that the different Berezin quantizations as-
sociated with the line bundle L are parameterized by the points of the homogeneous
space (SU(N +1,C) x C*) \ GL(N + 1,C).

3. We can also parameterize the new scalar product ( , )’ by the symbol a = o(A71),
i.e. by strictly positive smooth functions a € 3. Then different Berezin quantizations
based on L are parameterized by equivalence classes of such functions under rescaling
by a positive constant. We have ¥’ = 1% and Q'(f) = Q(af)Q(a) as well as Q' o ® =
@, where the map ® : ¥ — Y/ is given by ®(f) = @ Here, § is the Berezin

transform of the quantization with respect to the original scalar product ( , ) as
defined in section 3.7.

3.4 Integral representations of the scalar product

Let L, E = H°(L) and ( , ) be as above. Fixing a positive Radon measure j on X,
we consider the problem of representing the scalar product (, ) on E as the L2-product
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induced by p and by a Hermitian metric h on the line bundle L. Such representations will
be used below when discussing generalized Toeplitz quantization.

Recall that any Hermitian bundle metric i on L can be parameterized by its epsilon
function relative to (, ):

N

e(x) = h(@)(g,9)lleg|* = Y GYh(x)(si(x), 55(2)) - (3.22)

4,j=0

Here, ¢ is any non-zero vector in the fiber L,, and the right hand side is independent
of the choice of q. We use the fact that the value h(z) of the metric on the fiber L, is
uniquely determined by h(q, ¢q). Conversely, any positive smooth function € : X — (0, +00)
determines a Hermitian metric on L via this formula, namely® h(z)(q,q) = % This
parameterization allows us to describe Hermitian metrics on L through positive smooth
functions on X, provided that we have fixed a scalar product ( , ) on E.

The scalar product (, ) on E coincides with the L?-product induced by p and h if

and only if the following identity holds for any two holomorphic sections s,t of L:
(5.) = [ du(o) hw)(s(2).(a)

It is easy to see that the right hand side equals [y du(x)e(x)(s|P|t). This implies the
following:

Proposition. The scalar product (, ) on F coincides with the L?-scalar product induced
by (u, h) iff the relative epsilon function of the pair (h,( , )) satisfies the identity

/ du(z)e(x)Py = idg (3.23)
X

i.e. iff the coherent states defined by ( , ) form an overcomplete set with respect to the
measure fie = €fi.

Since the Berezin symbol map is injective, equation (B.23) is equivalent with the following
Fredholm equation of the first kind:

| autw) v =1 @ex)
X

Combining everything, we obtain:

Proposition. There exists a bijection between:

(a) pairs (p, h) such that p is a positive Radon measure on X and h is a Hermitian metric
on L

9The corresponding metric is well defined since e., = ¢ ‘e, implies h(z)(cq,cq) = |c|*h(z)(q,q) for all
non-vanishing complex numbers c.
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(b) triples (u, (, ),€) such that p is a positive Radon measure on X, (, ) is a Hermitian
scalar product on H°(L) and ¢ is a non-negative solution of the integral operator
equation (B.23), where P, are the Rawnsley projectors determined by the coherent
states defined by ( , ).

When the scalar product on E is fixed, equation (B.23) can be viewed as a constraint
on the pairs (u, h) which allow for an integral representation of the scalar product. Taking
the trace shows that an epsilon function satisfying (B.23) is normalized to total mass N + 1

/d,ue:N+1
X

In particular, when € is a constant function, then its value must be given by € = % Also
notice that equations (B.J) and (B.23) imply the following integral representation for the
trace on End(FE):

with respect to the measure pu:

tr(C):/Xd,u(x) e(z)o(C)(z) . (3.24)

Here o is the Berezin symbol map defined by the scalar product ( , ).
If © and the scalar product on E are fixed, condition (B.23) can be written in a basis of
E as a system of inhomogeneous linear integral equations for € (which in turn determines

h):

/ dp e(r)— q(s",),‘{(s_j)A =Gy . (3.25)
X Zi,j:o Gq(si)q(s;)

Taking the complex conjugate we see that only %(N + 1)(N + 2) of these equations are
independent. It is clear that (B.24) admits an infinity of solutions €, so there is an infinity
of Hermitian metrics A on L which allow us to represent the scalar product (, ) as an
L?-product with respect to p. Each such metric h also defines an L?-scalar product on the
space I'(L) of smooth sections by formula (B.1)), which extends the given scalar product
on E. If we let L?(u, h) be the Hilbert space obtained by completing I'(L) with respect
to the associated norm, we find an isometric embedding of E into L?(u,h). Hence any
solution of (B-2§) provides a realization of H°(L) as a finite-dimensional subspace of an
infinite-dimensional Hilbert space.

Remark. When considering quantization with an integral representation of the scalar
product on the space of holomorphic sections, one has to deal with three different scalar
products on the space of functions. Indeed, the measure p on X defines a scalar product
<, on C®(X):

< fgr= /X dufy | (3.26)

which extends to the natural scalar product on the space L?(X, u).
On the other hand, the measure pu. = pe appearing in the overcompleteness rela-
tion (B.29) defines its own L?-scalar product <, >, on C®(X):

< frg o= / dyi efg . (3.27)
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This extends to the natural scalar product of the space L?(X, uc). We have:
< fgre==<f, Mg > ,

where My, : C*(X) — C™(X), My(f) = f denotes the operator of multiplication with
a smooth function ¢. Notice that My is <, ~-Hermitian when 1 is real valued, and
<, >-positive when 9 is everywhere positive.

Finally, the Berezin symbol space X carries the Berezin scalar product <, >pg, which
is induced from the Hilbert-Schmidt scalar product of End(F) via the Berezin quantization
map (see eq. (B.f)). Hence ¥ is endowed with three different scalar products, namely the
Berezin product and the restrictions of the products (B.2f) and (B.27). It is often the case
that various linear operators on Y are self-adjoint with respect to one of these products
but not with respect to the others.

Equation (B.24) provides an integral representation of the Berezin trace:

ffszU%:AﬁM@d@ﬂ@ (fex) (3.28)

which in turns gives the following representation of the Berezin scalar product:

<foro= [Foa= Q. Qs = [ du@e(Fo@) . (329
3.5 The relative balance condition

Definition. We say that a scalar product on E is p-balanced if equation (B23) admits

the constant solution € = %, i.e. if the following condition is satisfied:

(X)) .
/Xd,u(x)Px Nl idg .

Hence the scalar product is p-balanced iff the matrix G satisfies the system of equations:

N+1 QGats) o
/ N Gy

For a u-balanced scalar product, the overcompleteness property of coherent states takes

the form N +1 f + dpuP; = idg. The Hermitian metric h on L has epsilon function € = —ﬁ}%

and therefore is given by:

h)(a.0) = oy ooy = 1
PO W0 TledlP ~ 00 S, Giigsi(s))

Let wy, be the L-polarized Kéhler form on X determined by a Hermitian scalar product

h on L, and let pp, := p, be the Liouville measure on X defined by wy,. We say that (, )
is balanced if it is pp-balanced. This boils down to the system of equations:

N+1 / P G(si)d(s;) _ Gy
X

h
i (X) S 0 Gla(s)d(s;)
where h is determined by:
N+1 1
hx) (g, q) =

'uh(X) Zzy OG”q(Si) ( )

This is the case considered in [[(5, [§], which was already mentioned in the previous section.
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3.6 Generalized Toeplitz quantization

Let us consider the case when ( , ) is the L2-scalar product on E determined by a fixed
measure 4 on X and a Hermitian scalar product h on L. As we saw in the previous section,
this can always be achieved by some pair (y,h). Consider the embedding E C L?(u, h).
Since the scalar product on L%(u, h) restricts to the original product on E, we will denote
it by the same symbol ( , ). Interpreting the coherent vectors e, as elements!” of F, the
orthogonal projector P, of E becomes the orthogonal projector II, of L?(u,h) onto the
one-dimensional subspace of L?(u, h) defined by e,. Hence equation (B.23) becomes:

/ du(z)e(x), =11 , (3.30)
X

where I1 is the orthoprojector of L?(u, h) onto E. We can now define the Toeplitz operator
T(f) € End(FE) associated to a smooth complex function f € C*°(X):

T(f)(s) =1I(fs) Vse E . (3.31)

Using equation (B.3(), we find the integral expression:

T(f) = /X dyu(x)e() f (1) P

The map 7" : C*(X) — End(E) will be called the generalized Toeplitz quantization
defined by (L, p, h). It satisfies T(f) = T(f) and T(1x) = idg. Notice that T'(f) depends
in an essential manner on the measure ey, which is constrained only by condition (B.23).
One should contrast this with the generalized Berezin quantization, which is uniquely
determined by the scalar product (, ). Since h characterizes L-polarized Kahler forms,
this quantization is useful for an amply polarized Hodge manifold (X,w, L) endowed with
a natural measure p. Two basic examples are when p is the Kahler volume form or when
X is algebraically Calabi-Yau and p is the volume form defined by the holomorphic top
form.

Behavior under automorphisms. Let us assume that the measure y and the scalar
product (, ) on E are invariant under the automorphism group of (X,w, L, h) . Then it is
easy to see that the relative epsilon function (B.29) is Auty, 5 (X, w)-invariant:

e(vo(z)) =€e(x) (1 € Autp (X, w)).

Together with relation (), this shows that generalized Toeplitz quantization is Aut(X,
w, L, h)-equivariant:
Tor=poT ,

ie.:

pNT(flp()™ =T (forg") - (3.32)

10This means that we view the holomorphic sections of L as smooth sections of L, which in particular
are elements of L?(u, h).
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3.7 Relation between generalized Berezin and Toeplitz quantization

Fixing the scalar product ( , ), we can consider the associated Berezin quantization as
well as any of the Toeplitz quantizations based on an integral representation of this scalar
product defined by a compatible pair (i, h). The relation is given by the generalized Berezin
transform, the linear map [ : C*°(X) — X defined through:

B:=0c0T ,

ie.:

B () = /X d(y) ()T (x9)(y) | (3.33)

where W is the squared two-point function (B.1(). Adapting an argument of [fJ], we obtain
the following:

Proposition. The linear maps 7' : C*°(X) — End(F) and o : End(E) — C>®(X) are
adjoint to each other with respect to the scalar product <, >. on L?(X,u.) and the
Hilbert-Schmidt scalar product on End(E). In particular:

(1) T is surjective since o is injective.

(2) The Berezin transform § = 0o T : C®(X) — C®(X) is a <, >.-non-negative
Hermitian operator whose image coincides with X.

(3) We have kerT = kerf = ¥t = {f € C®(X)| < f,g == 0 Vg € X} and thus
B(¥) C ¥ and T'(X) = End(E).

Proof. We have:
(T(f),Chus = tr(T(f)1C) = tx(T(f)C) = /X dp(z)e(z) f(2)o(C) == f,0(C) =

If C'is (, )gs-orthogonal to im T, it follows that < f,0(C) == 0 for all f € C*°(X), which
implies 0(C) = 0. Therefore C' = 0 by injectivity of o. The rest is obvious. We also have:

Proposition. (cf. [[]) The Berezin operator 3 : C*°(X) — C*(X) is a contraction with
respect to the sup norm ||f||oc = sup,ex |f(2)|, i-e.

1B(Neo < Ifllec Vf € CF(X) .

The proof is elementary and virtually identical with that in [{]. It follows that all
eigenvalues of [ are contained in the interval [0,1]. Notice that 3 has the form § = g|g7
where [|y is a positive contraction in the finite-dimensional subspace ¥ and 7 is the
orthoprojector on ¥.. Of course, 3 is also a contraction with respect to the L?norm || ||,
defined by the measure u. = €pu.

Since T' = @ o 3, the Toeplitz quantization of f is related to the Berezin quantization

of B(f):

— 292 —



After restriction to X, we have a commutative diagram of bijections:
» IS pnae)
Bls | |
> 2 End(E)

where 3 and T depend on the measure pe but @@ and 3 depend only on the scalar product
(, ). Thus Toeplitz quantizations associated with different L?-representations of the scalar
product (, ) on E give different integral descriptions of the Berezin quantization @ defined
by this product. Each Toeplitz quantization is equivalent with @ via the corresponding
Berezin transform.

Remark. When p and (, ) are Auty (X, w) and Aut(X,w, L, h)-invariant, respectively,
the equivariance properties of o and T (see egs. (B.19) and (B.14)) imply that the Berezin
map [ = o o1 commutes with the natural action of Auty, 5(X,w) on C*(X):

Bor(y)=71(w)oB (10 € Auty (X, w)).

In this case, the epsilon function is constant and the action 7 is unitary on C*°(X) with
respect to each of the L?-scalar products (B.26) and (B.27), while its restriction to X is also
unitary with respect to the Berezin scalar product.

3.8 The Berezin-Toeplitz lift of linear operators

Recall that the Toeplitz quantization map T is the Hermitian conjugate o' of the Berezin
symbol map with respect to the scalar products (, )us and <, .. This implies that the
Hermitian conjugate 0@ of the symbol map with respect to the scalar products {, Yus and
<, » is given by:

o® =To M

In particular, we find:
< O’(Cl), O’(Cg) -= (Cl, (O’69 o] O')(Cg)>HS (Cl, C € End(E))

le.:
'<f7g>': (Q(f)?O-EB(Q»HS (f,gEZ) .
Let us fix a linear operator D : C*(X) — C®(X).

Definition. The Berezin- Toeplitz lift D of D is the following linear operator on End(FE):
D:=0%0Dooc=ToM,oDoo:End(E)— End(E) .

Explicitly, we have:

D(C) = /X du(z)(Do(C)) ()P, (C € End(E)) . (3.34)
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The operation of taking the Berezin-Toeplitz lift gives a linear surjection from
Endc(C*(X)) to Endc(End(E)). The identities:

o(C1), Do (Cy) = = (C4, 15(0 ))Hs (C1,Cs € End(E))
< 1,D(9) = = (Q(f), D(Q(9)))us (fg€X) (3.35)

show that the Berezin-Toeplitz lift is well-behaved with respect to the L?-product <, >
on functions defined by . This should be compared with eqs. (B.9) for the Berezin push
and pull. In particular, the Berezin-Toeplitz lift Dis (, )us-Hermitian when D is <, >-
Hermitian and (, )pg-positive when D is <, >-positive.

The Berezin-Toeplitz lift of the identity operator idce(x) is given by:

—

V::idcoo(X):O'@OO':TOMl oo

and generally does not coincide with the identity operator on End(E). The integral ex-
pression (B.34) gives:

:/ dﬂ(;p)a(C’)(x)Px:/ dp(z) Pytr(P,C) .
X X

Define the modified Berezin transform fpoq = o0 M1 : C*°(X) — X as follows:

Bmoa(f)() = /X () ¥ (2, ) f(y) (3.36)

where V¥ is the squared two-point function (B.1(). This is obtained by formally replacing e
with 1 in (B.33). Notice that im S04 = 2.

Definition. The Berezin-Toeplitz transform D, : ¥ — ¥ of D is the Berezin pull (B.§) of

A~

D:
DO;:ZSBzaoﬁoQ:ﬁoMloD|E:ﬁmodoﬁ|2 . (337)

Explicitly, we have:
@5w) = [ @@ Fe) -

The last equation in (B.35) shows that the bilinear form of D, with respect to the
Berezin scalar product equals the bilinear form of D with respect to the L?-scalar product
induced by pu:

< [,D(g9) === f,Ds(9) =B (f,9€) .

In particular, D, is <, >p-Hermitian iff D is <, >-Hermitian and <, > pg-positive iff
D is <, =-positive. The Berezin-Toeplitz transform id, = vp of the identity operator
id¢es(x) coincides with the modified Berezin transform:

id»<> = ﬁmod .
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3.9 Changing the scalar product in generalized Toeplitz quantization

Let us consider what happens when we change the scalar product on E while keeping h

and p fixed. Equations (B.17) and (B.23) give:
[ du@e@aaywp = at (3.39)
X
ie. Y
(s]eg)"(glt)
(egleq)’
where the scalar product (s,t) on the left hand side is the original (unprimed) product.

Relations (B.19), (B.16) and (B.29) show that the epsilon function of the pair (h,(, )’) is
given by:

(5.8) = /X dyu(x)e()o (A7) (2)

é(x) = e(x)o(A™) | (3.39)

so (B.39) takes the form:
[ au@e@pi=a
X

which allows us to express the original scalar product as:

(5,t) = (s,A71t)" = /Xdu(x)e/(a:)(s]P;\t)/ = /Xdu(a:)e’(a:)%

The original epsilon function can be recovered from equations (B.39) and (B.1§):
e(x) = o' (A)é (z) ,

while the original Rawnsley coherent states can be recovered as e; = Ae;. In principle,
this allows us to recover the original Toeplitz quantization from knowledge of ( , ). We
can define an operator:

T'(f) = /X dp(2)e (2) (2) P, |

which satisfies T'(f)® = T(f) as well as:

(AT (f)) = /X dyu(x)e(@) f () = te(T())

and:
T’(lX) =A"1 .

In practice, one is often interested in the case when ( , ) is the L?-scalar product (, "W h

defined by u and h:
(5.0) 1= (5,08 = [ du(@hia)(s(2), )
X

In such a situation one might be able to compute the coherent states and epsilon function
with respect to another scalar product (, ) on E. Then the expressions above allow one
to recover the Toeplitz quantization with respect to the L?-scalar product of (i, h).

— 925 —



We can also ask about relating the Berezin quantization @’ defined by (, ) to the
Toeplitz quantization defined by the L?-scalar product (, "W " The two quantizations are
related by the map 3 :=¢'oT : C>®(X) — X"

T(f) = Q'(B(f))
We have the integral expression

/ duly YAz, y) ,

where A\(z,y) = o/(Py)(z) = gf(;Al%,( (SE = ti&‘?Alf}fgj) = Zgﬁjggyggga(Pé(x)) Notice that

A(z,y) need not equal \(y, x

3.10 Extension to powers of L

We can easily extend everything by replacing the very ample line bundle L with any of its
positive powers LF := L®* (k > 1). In this case, generalized Berezin quantization requires
a choice of Hermitian scalar products (, )i on each of the finite-dimensional vector spaces

w = HO(LF). Accordingly, we have coherent states e;) € E}, and Rawnsley projectors
ngk), as well as surjective Berezin symbol maps oy, : End(E);) — C*°(X) whose images
we denote by Yp. The inverse of the corestrictions aklzk define a sequence of Berezin
quantization maps Qi : X — End(Ey). The entire construction depends crucially on the

precise sequence of Hermitian scalar products ( , ), chosen for the spaces Ej.

4. Classical Berezin and Toeplitz quantization of compact
Hodge manifolds

Classical Berezin and Toeplitz quantization of prequantized Hodge manifolds (X,w, L, h)
arises as a particular case of the generalized constructions discussed above. In the classical
set-up, one fixes an integer kg such that LFo is very ample. For each integer k > ko, we
apply the general construction for the ample line bundle L* endowed with the Hermitian
scalar product hy := h®*¥ and with the L?-scalar product (, )i on Ej := H°(L*) induced
by hi and by the Liouville measure p, defined by w, see eq. (2.2)).

4.1 Classical Berezin and Toeplitz quantization

Applying Berezin quantization with the choices above leads to bijective symbol maps oy, :
Er — X C C*°(X) and quantization maps Q : X — End(F)). We also have surjective
Toeplitz quantization maps Ty : C*°(X) — End(Ej) given by Ti(f) := Ix(f-), where
11 : L% (L, h, p,,) — E} is the orthoprojector on the subspace of holomorphic sections. The
surjective Berezin transforms [ = oy o Ty, : C*°(X) — X relate the two quantizations via
T, = Qp o Bx. The maps §;, and T}, have equal kernel E,jsk C C*(X) and the restrictions
of B and T}, give linear isomorphisms. For each k& > ky, we have a commutative diagram

of bijections:
2k Tk—l% End(Ek)
Brls | [

2k & End(Ek)
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where (s, is a strictly positive self-adjoint contraction.
It is convenient to consider the Hilbert space:

Ex = Bpo(EBr, (5 1) - (4.1)

Recall that the completed direct sum Ex consists of all infinite sequences s = 72 55 with
s € Ej, which satisfy the condition:

[e.e]
> (ko sihr < 00

k=0

It is endowed with the scalar product:

[e.9]

(s,t)x = (sktr)e - (4.2)

k=0

Then the Ej become closed subspaces of Ex and the scalar products (s, t;)r coincide with
the restriction of (, )x.

Similarly, we let Hy := L2(L*, u, h) be the L?-completion of I'(L¥) and Hx = e Hy,
be the Hilbert direct sum of Hy. Then Ex is a closed subspace in Hx and the orthoprojector
II on the former decomposes as:

m=> T , (4.3)
k=0

where I, is the orthoprojector on Ej inside Hy. The projector (f.3) is sometimes called
the Szego projector.

Remark. Consider the total space S of the unit circle bundle of L*. This is a Cauchy-
Riemann (CR) manifold of CR-codimension one, whose CR-structure is induced by its
obvious embedding as a real hypersurface in the total space L of L*. Moreover, it is the
boundary of the total space D of the unit disk bundle of L*, which is known to be a strictly
pseudoconvex domain in L. The Kéhler form w of X induces a contact one-form « on S
such that the pull-back of w through the projection of the circle bundle equals da. The
Hardy space is the Hilbert space of all CR-holomorphic functions on S, endowed with the

dimX of the contact form «. This is

L?-scalar product induced by the volume form a A (da)
the usual Hardy space of boundary values of holomorphic functions on the domain D. It is
well-known that the Hardy space is isometric to the Hilbert space £x. Because of this, we
will identify the two and sometimes refer to the latter as the Hardy space. Similarly, the

space of L?-functions on S identifies with Hx.

4.2 The formal star products and associated deformation quantizations

Let {, } be the Poisson bracket defined by w, h be a formal variable and consider the C][[h]]-
module C*°(X)[[h]] of formal power series with smooth function coefficients. Recall that a
normalized formal star product on X is a C[[h]]-bilinear map % : C*°(X)[[h]] x C*°(X)[[h]] —
C*°(X)][[h]] on this module such that:

— 27 —



(a) * is associative

(b) The coefficients of the formal expansion:!!

fxg=>Y_WCj(f.9) (f.g€C(X))
n=0

are bi-differential operators satisfying the identities:

1. Co(f,9) = fyg
2. Ci(f,1) =Ci(1,f) =0
3. Ci(f,9) = Cilg, f) = 5:{f. 9}
Notice that we use an expansion in h rather than i = % due to our convention for integral

symplectic forms ([w] € H?(X,Z)), as required by agreement with the Bohr-Sommerfeld
condition.

The Toeplitz deformation quantization. It was shown in [[[( that there exists a
unique normalized formal star product xp on X (known as the Toeplitz star product)
whose coefficients C; have the property:

ARy} 1
ITNTe) ~ 3 i T(Ci(F )k = KolF-0) o
=0
for all m and all sufficiently large k. Here, || || is the operator norm on End(Ej) and the

K,(f,g) are constants which depend only on p and f,g. This can be interpreted as an
asymptotic expansion:

iki Ci(f,g)) for k— o0, (4.4)
j=0

where the right hand side formally corresponds to T} (f *xr g) at h = % (here h = 27h).
It should be stressed that the formal star product x7 captures the entire asymptotic ex-
pansion ([£.4), which includes information from all values of k > ko. The Toeplitz star
product has ‘anti-separation of variables’ in the sense that a xr g = f xr b = 0 whenever a
is antiholomorphic and b is holomorphic.

Remark. One has [f:

ITe(F)Tk(g) — Te(Fo)lk = O (%) for k — 5

as well as:

k(T (). Te(o)] — Te({f g}k = O (%) for & — o0

HNotice that these completely determine the star product.
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and:

C
£ lloe — 7’[ < TNk < 11f 1l

for all f € C* and some constant Cy depending only on f. In particular, one finds
limg o0 [|T5(f)l] = ||f||lco- These properties imply that the continuous field of C*-algebras
on the set I = {}|k € N*} U {0} given by A% = (B, || |x), with Ag := (C=(X),]] ||oo)
and section % — T, To := ideeo(x) forms a ‘strict quantization’ in the sense of Rieffel B3I
though not a ‘strict deformation quantization’.

The Berezin deformation quantization. It was further shown in [[[J] that the Berezin
transform (3 has an asymptotic expansion (G ~ > 2 ,%rﬁr with Gy = 1. This allows one
to define an automorphism of the C[[h]]-module C*°(X)[[h]], known as the formal Berezin
transform, via:

B = Zﬁrhr . (4.5)
r=0

The Berezin star product xg is the formal normalized star product obtained from xp via
the formal Berezin transform, f xg g = B8(871(f) *r 87 (g)). Again, it should be stressed
that g contains information from all powers L*, k > kg. We have the relation:

B(f*r g) = B(f)*B B(g) -

The Berezin star product has ‘separation of variables’ in the sense of [[L1], i.e. one has
a*p g = f*g b =0 whenever a and b are holomorphic and antiholomorphic functions,
respectively [§].

4.3 Relation with geometric quantization

In Konstant-Souriau geometric quantization of Kahler manifolds [RI], one considers the
linear maps Oy, : C*°(X) — End(E})) given by:

Ok(f) == Wkbk(f) , (4.6)

where

Ou(f) 1=~V = 1

Xy is the Hamiltonian vector field defined by the smooth function f with respect to the
symplectic form kw and V) is the Chern connection on L¥. This procedure corresponds
to using the so-called complex polarization. One has the following relation [Pg]:

0Ll =T (1~ g AF) W eex(x)

where A is the Laplace operator of (X,w) — at least on compact symmetric spaces. Notice
that we use conventions in which O (f)" = Ox(f).



4.4 The Berezin product or coherent state star product

In the vast majority of the literature on fuzzy geometry, the “star product” used is the
Berezin product ¢ : X X ¥ — ¥ introduced in section 3.2:

forg = on(Qr(f)Qr(9), figeZr . (4.7)

This product is also called the coherent state star product, as oy(C) = tr(Cngk)) is deter-
mined by the coherent states. It is associative by definition and the algebra (3, o,”) is
isomorphic as a *-algebra to (End(E}), o, 1) with the Berezin quantization map Q) provid-
ing the isomorphism.

Note that the Berezin product is not a formal star product as it is defined only on 3,
instead of C*°(X)[[h]]. However, it has been shown [[] that in the case of flag manifolds,
there is a formal differential star product on the set X, := (J;—, Xk, which agrees with the
asymptotic expansion of the Berezin products on Y for certain h = %

As an example, consider the Berezin quantization of (P", wrg) with the prequantum line
bundle H*, where H is again the hyperplane line bundle. If we normalize the homogeneous

coordinates on P" by demanding that |z| = 1, we obtain the particularly simple form [Rg:

10 9 1 0 0
rour= 3 (i et (o 329)

V1yeeeslf

A different form of the Berezin product corresponding to a finite sum resembling the first

terms in an expansion of a formal star product can be written down in the real setting,
using the embedding PR "1 ~1 7).

4.5 The quantization of affine spaces

Classical Berezin-Toeplitz quantization can be extended to the non-compact case'? upon
replacing the space of holomorphic sections of the quantum line bundle L with the subspace
of those holomorphic sections which are square integrable with respect to an appropriately
weighted version of the Liouville measure fl—T In particular, this can be applied to the
case of complex affine spaces, where the weight is provided by the global K&hler potential,
leading to the well-known construction of the Bargmann representation of the bosonic Fock
space. In this subsection, we recall this construction in order to fix our notations for later
use.

Let us start with a few remarks about the coordinate-free description. If V' is an n+ 1-
dimensional complex vector space, the algebra B := C[E] of polynomial functions over the
dual space E := V* = Homc(V,C) is the symmetric algebra associated with V:

B = C[E] = 32 E* = a2, (V*)** . (4.8)

We let B, := E®% C B. As an algebraic variety, the affine space over V is the affine
spectrum A(V') = SpecB of this algebra. A choice of basis ¢ ...e, for V allows us to
define coordinate functionals z; € E = Homc(V,C) such that z;(v) = v; for all v =

121p fact, historically this was the original class of examples.
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Z;L:O vje; € V. Thus (z;) is the basis of E dual to the given basis of V. Once a basis of
V has been fixed, we can write the elements of B as polynomial functions over V:

f= Z pXp >

|p|=bounded
where p = (po ... pn) € N**1 |p|:= Y77 p; and:
Xp = 2P =280 .. .20 (4.9)

We denote the symmetrized tensor product @ by juxtaposition. As a function on V', we
have:
f(v) = Z apvh’ ... b
Ipl

If we use the given basis to identify V with C"*!, then v identifies with the vector (vg ... vy)
and we obtain the polynomial function f(vo...vn) = 32, apvh? ... oh" on C™"*1. In this
case, B identifies with the polynomial algebra Clvg...v,]| in n + 1 variables, which is the
coordinate ring of C"*1,

Given a Hermitian scalar product (, ) on E, we have an induced product on V' (denoted
by the same symbol) and can chose the basis ey ... e, to be orthonormal with respect to
this induced product. In this case, the basis zq...z, of E is also orthonormal and the
scalar product of two elements of V' can be written as:

(u,v) = 2(w) - 2(0) = ) 2z (v) = ) G;
j=0 =0

where z(v) := (20(v)...2,(v)) = (vg...v,). Notice that |[v||?> = |z(v)]*> = > i=0 |2 (v)|2.
The scalar product induces a flat Hermitian metric on V whose Kéhler form:

. n

1 _

w = o Eodzj/\dzj
]:

corresponds to the standard symplectic form on the underlying real vector space Vg of V

if we set z; = %(qj + ip;), where ¢;,p; € Homg(V,R) are real coordinates on Vg:

1 n
w = %E)dqj/\dpj
]:

wn+1 .
(nrD) — @r

scaled Lebesgue measure du = Wd"*lqd"Hp on Vg. The Kéhler form is polarized

Since )1n +rdgo N dpg A ... Adgy N dpy, the associated Liouville measure is the
with respect to the trivial line bundle O = V x C, whose unit section we denote by sy =1
(this is just the unit constant function on V). O becomes a quantum line bundle when
endowed with the Hermitian metric h given by:

A~

h(v) := h(v)(so(v), so(v)) := e 1ZOI” = g=Ivll?
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The unit section gives the global Kahler potential:
K(v) = —log h(v) = |2(v)]* = [[v]?

The holomorphic sections of O are simply the entire functions f on V, since every such
section can be written as sy = fsg. The L?-scalar product (subsequently to be referred to
as the Bargmann product) is:

(F9)B = {57, 56) = /V dp(w)e P OF F(v)g(v) = /V av(0) Fw)g(v) | (4.10)

where:

1
(2m)n+1 ¢

is the weighted Lebesgue measure, which is normalized to unit total mass:

/dl/zl .
1%

The space of square integrable holomorphic sections of O is the well-known weighted

dl/(U) = e_\Z(v)\leu(U) — _%Z?:O (qu--i-p?) dn—i—lqdn—i-lp

Bargmann space B(V) := L% |(V,dv) of v-square integrable entire functions on V, which
contains the algebra B = C[E] of polynomial functions as a dense subspace. The Bargmann
space carries the unitary representation of the n + 1-th Weyl group with creation and an-
nihilation operators given by:

@l f)@) ==z f©) , (@f)©) = :f(v)
where 0; = (%_ is the directional derivative along e;. We have:
[, af) = 8y

The normalized vacuum vector is the constant unit function |0) := 1. For every tuple
p=(po...pn) € N"TL let p!:=pg!...p,!. We have:

Ixpllz = VP!, (4.11)

where xp are the monomials ([.9). The normalized occupation vectors are given by:

1 (dT)p
P = T AT

They are the common eigenvectors of the particle number operators N; = d;fdi:

0) . (4.12)

Ni|p) = pi|p)
An entire function:

f= Z CpXp = Z Cp\/a|p> (cp €C) (4.13)

peNn+1 peNn+1
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belongs to B iff
(f1f)= D pllepf <oo .
peNntl

Defining the total particle number operator N = S N;, relation (f13) shows that
its eigenspace of eigenvalue k coincides with By. We have the orthogonal decomposition
B = ;2B (completed direct sum) with B, = ker(N — k). It is easy to see that B
is unitarily isomorphic with the bosonic Fock space Fs(E) = Do qE®* over the finite-
dimensional Hilbert space (E, (, )). Under this identification, |p) becomes the orthonormal
basis of the Fock space canonically associated with the orthonormal basis (zg ... z,) of E.

Since O has a global nowhere vanishing section (the unit section sg), we can consider
Rawnsley’s coherent vectors with respect to ¢ = sp(v) = 1 € O,. These are the usual

V) = eXi= 0”2“ Z

where P = 70 ... 7,P*. One has the well-known 1dent1ty:

fw)= lfiz  (f€B)

Glauber vectors:

We have:
ailv) = i) , (ufv)p =™

In particular |v) has norm ellvlI”. The reproducing kernel is the well-known Bergman kernel:

Kpuv) = —0 3PPy

(u|u) {v]v)

. . _ 2 . . .
w v = =e I B-
The Rawnsley projector is'® P, [v)(v|p = e III|v) (v|g. The epsilon function is

<v|v
constant and equal to one:

o1 = h(v)(W|v)g =1 .
The decomposition of the identity takes the form:

v = v)e P 1) (| = viv)|vyvlp =1 .
| an@p, =15 [ auo)e " s =14 [ avlools =1

Toeplitz quantization of A(V). The Toeplitz quantization of f € C>*(V,C) is given
by:

/w v—/w e P o)) (ol - (4.14)

In particular, we have T'(z;) = di and T'(2;) = G;. When f is a polynomial in z and z, (.14)
obviously reduces to the anti-Wick prescription:

where the triple dots indicate antinormal ordering. In this case, T' is not surjective due to
the infinite-dimensionality of the Bargmann space.

13Recall that (v|p stands for the linear functional (v|p(v) := (v|) s which is Riesz dual to the vector |v).
Since Riesz duality depends on the choice of scalar product on BB, we use an underscript B on bra vectors.
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Berezin quantization of A(V). The Berezin symbol map o : L(B) — C>®(V,C) is
defined on the algebra £(B) of bounded operators in the Bargmann space. The symbol of
a bounded operator C' takes the form:

a(C)(v) = e MFw|Clo)p |

while the Berezin transform 3(f) = o o T is given by:

8N = [ duwypwyeel?
Thus § = ﬁe‘A‘A, where A is the Laplacian on Vg; this is the heat kernel up to normal-
izations.

The symbol map gives rise to the Berezin quantization @ : ¥ — L(B), where ¥ C
C>®(C"*t1) is the image of 0. We have Q(z;) = d;f and Q(z;) = a;. For a polynomial
function f(z, z), we find:

where the double dots indicate normal ordering. Hence both quantization prescriptions
send z; into &j and z; into a;, but Toeplitz quantization corresponds to anti-Wick ordering,
while Berezin quantization corresponds to Wick ordering.

Truncated coherent vectors. For later use, consider the expansion of Glauber’s co-
herent vectors in components of fixed total particle number:

‘U> = Z ‘Uv k> ’
k=0
where the ‘truncated coherent vectors’
1 [ * oP
v
)= 3y (el 0= 3 o
k! i |
=0 Ip|=F ve!
satisfy
Nlv, k) = k|v, k)
1
(u, klv,l)p = 5k,ly[(v,u)]k :
In particular, we have (v, k|v, k) g = #||v||**. Since [N,d;] = —1 and [N,&j] = +1, we find:
di’U, ]‘J> = 22'”[), k— 1> . (415)

Notice that |Av, k) = A¥|v, k) for any A € C, and therefore the ray C*|\v, k) depends only
on the image [v] of v in the projective space PV = (V '\ {0})/C*.
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4.6 The quantization of complex projective spaces

We next consider the case of complex projective spaces, which has been studied exten-
sively in the literature on Berezin quantization. Using the ‘truncated coherent vectors’ of
the previous subsection, we will show that the (yet to be defined) Berezin-Bergman quan-
tization of P™ coincides with its Berezin quantization. In particular, the fuzzy version of
P" considered in [fl] coincides with its well-known Berezin quantization.'* To make contact
with the formalism used in [[], we will use the fact that the homogeneous coordinate ring
of P can be identified with the affine coordinate ring of C**!, provided that the latter is
endowed with the canonical grading degz; = 1. It follows that both the Bargmann space of
C"*1 and the Hardy space of P" are Hilbert space completions of the ring of polynomials
in n complex variables, albeit with respect to different scalar products: the former uses
the scalar product induced by the flat metric on C"*!, while the latter uses the scalar
product induced by the Fubini-Study metric on P". According to our general discussion,
the relation between the restriction of these scalar products to By should be provided by
isomorphisms Aj, which relate the Berezin quantizations of C**! and P”. In the case at
hand, A, will be proportional to 1p,, with a k-dependent proportionality constant. This
implies that the Berezin quantizations of P" and C"*! agree at any fixed level k. Such an
extremely simple relation is not to be expected in general, but is a consequence of the fact
that P" is a homogeneous space, which is why any reasonable quantization procedure for
this space leads to the same result.

Consider an n 4+ 1-dimensional complex vector space V and its dual £ = V* as in the
previous subsection. As an algebraic variety, the projective space PV = (V' \ {0})/C* over
V is given by ProjB, where B = C[E] is viewed as a graded algebra with respect to the
obvious grading. For any vector v € V, we let [v] be the corresponding point in PV. Recall
that the tautological bundle 7 := Op(y)(—1) has a fiber equal to the line 7, = Cv C V
above the point [v] € PV. The dual bundle H := Op(y)(1) is the hyperplane bundle,
which is very ample. Any functional s € By = (V*)®% determines and is determined by a
holomorphic section S € H(H*), namely:

S(]) = slen € ()

so HY(HF) identifies with Bj,. Hence the graded algebra B identifies with the homogeneous
coordinate ring &%  H°(H*) of PV with respect to H. In particular, H°(H) identifies with
B, =E.

As in the previous section, a basis (eq...e,) of V determines coordinate functionals
zj € E. The corresponding holomorphic sections Z; € H O(H) are the homogeneous coor-
dinates of PV associated with the given basis. The homogeneous polynomials ({.13) for
|p| = k provide a basis for Bx. We have:

(n+k)!
nlk!

Fixing a scalar product (, ) on E, we have an induced scalar product on V' and take

dimBy = N+ 1=

the basis (e;) to be orthonormal. We endow the hyperplane bundle with the Hermitian

41n particular, the fuzzy two-sphere of [E] is simply the classical Berezin quantization of P'.
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metric hgg specified by:

prs (D24, (D) = 20 =12 (1.16)

The associated Kahler metric on PV is the Fubini-Study metric determined by (, ), whose
Kahler form is given by:

i i
wrs([v]) = 5-00log |2(v)[* = -0 log|[v]|* .

We endow H* with the tensor product metric hlgs = h%“, which satisfies:

FS([U])( ([U])7 ([U])) - HUH2k se€ by .
As measure on PV, we use the Liouville measure of the volume form “;Li's In particular,

we have:

1
VOlypg (PV) = i

The space HY(H*) = B}, carries the associated L?-product:

k wn
(s1,82)k = <51752>ZFS = /]P’V ni,shf“s(sl,sﬂ . (4.17)

The monomials xp (such that [p| = k) provide an orthogonal but not orthonormal basis
of By with respect to this product. Direct computation gives:

p!
[Ixpllk = m (Ipl=#k) .
Comparing with (l.11)), we find:
|Ixpll5 (n+k)!

where ||xp||p is computed with respect to the scalar product of the Bargmann space
B(C"*t1). Tt follows that the Hardy product of the projective Hilbert space (PV,wps)
is related to the Bargmann product by a constant rescaling:

(S,t>k = (S,t>B Vs,t € By, . (4.18)

(n+k)!
Let (E(PV),(, Ypv) = Bpey(Brk, {, )k) denote the Hardy space of PV. It can be identified
with the space of those entire functions (J.1J) on V whose coefficients satisfy:

|

1Y 2
o ppt el <

(flf)ev =

peNn+1
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Since (n + p)! > 1, we can view B(V) as a closed subspace of E(PV). (Of course, the
Bargmann scalar product does not agree with the restriction of the Hardy product.) The
operator W : E(PV) — B(V) C £(PV) given by:

WhH) = > Vntp)lapzP (4.19)

peNn+1

provides an isometry between (£(PV),(, )py) and (B(V),(, )p). Defining A := W2, we
have Ay, := A|p, = (n+ |p|)!1p, and:

(S,t>]pv = <AS,t>B .

Since PV is a homogeneous space, its coherent states can be extracted by the well-
known method due to Perelomov [R7. The unitary group U(V) of the Hermitian vector
space (V,(, )) acts unitarily on By via Up(f)(v) = f(U '), i.e. Uglv,k) = |Uv, k).
The representation is irreducible and isomorphic with the k-fold symmetric representation.
One can construct Perelomov coherent states [R7] of this action as orbits of a given non-
vanishing state in the projective Hilbert space P(By). Let us start with the state defined
by the vector |vg, k) € By, where vy is any fixed non-vanishing vector of V. Then the
ray C*|vo, k) € By, has stabilizer U(vy) x U(1) in U(V). It follows that the Perelomov
states are parameterized by points of the homogeneous space U(V)/(U(vg) x U(1)), which
coincides with PV Since Uy|z0, k) = |Uzo, k), the Perelomov state at [2] coincides with the
ray C*|z, k). Hence Perelomov’s coherent projectors take the form:

@), ok, kls _ lo. k). ks
Ll (o ko, k) (o]

(4.20)

These projectors are unaffected by the constant rescaling of the scalar product when trans-
lating between the Bargmann and Hardy metrics on By. Since the Fubini-Study metric is
invariant on the homogeneous space PV, the Liouville form determined by its volume form
% provides an invariant measure. Thus Perelomov’s theory implies the overcompleteness

property: N ) .
K+ w k
] /PV nL!SP[E)}) =P, (4.21)
where Py, is the orthoprojector on By in B(V) and the normalization constant in front of
the integral has been identified by taking the trace. Since both Rawnsley’s and Perelomov’s
coherent projectors satisfy ({.21]), they determine a reproducing kernel for By, so they must
agree with each other if one uses scalar products on this space differing only by a constant
rescaling. It follows that the P[Eﬁ) coincide with the Rawnsley projectors of (Bg,{, )k)
while the rays C*|v, k) are Rawnsley’s coherent states. Rawnsley’s coherent vectors take
the form:

ef) = (n+k)|v, k) (veE\{0}), (4.22)

where the prefactor is due to relation (JL.I§) between the Hardy and Bargmann scalar
products. The reproducing kernel for (By, (, )x) is given by:

(n+k)!

K (u,v) = (e(k)|e(k)>k = (n+k)u, kv, k) = o ko

u v (’LL@)

— 37 —



The epsilon function is constant:

Ne+1  (n+k)
PV k
T S0l(PY) k! (4.23)

In particular, we recover the well-known fact that kwrpg is balanced for all k. The over-
completeness property ([L21)) can also be written as:

Wi |v, k) (v, k|
k) ZESIHMALMID . p
ok f B =

where we used vol(PV) = 1, and the identity k!(Ny + 1) = (ntk)!,

n!
It will prove convenient to consider the functions:

=1 .,J ) Sin ,JO In
ZZ 2y e Ry R e R
f_[J = ’Z‘2m = 0 ’2‘221 o € COO(]P)V, (C) N (424)

where I = (ig...in),J = (jo-..jn) € N**Land |I| = |J| = m and where we set f;; = 1 for
m = 0. The linear span S(PV') over C of these functions is a unital x-subalgebra of the C*-
algebra (C®(PV),|| ||co) (recall that || ||« is the sup norm). Let S,,(PV') be the subspace
spanned by those fr; with |I| = |J| = m (notice that Sy = C). The set of functions (f.24)
with a fixed m gives a basis for S,,(PV') so in particular we have dim¢S,,(PV) = N,,, + 1.
For any [ =0...n, let A; € N**! be given by A;(i) = ;. The obvious relation:

n
frr= Z fren, g+,
=0

shows that S;,,(PV) C Sp41(PV) for all m > 0, so that S(PV') = UY_ S, (PV) is a filtered
ZiZj

«-algebra. Notice that S(PV) is generated as a *x-algebra by the elements f;; = T € S1.
Proposition. The x-subalgebra S(PV) is dense in the C*-algebra (C®(PV),|| ||co)-

Proof. Given a point [v] € PV, there exists an index ¢ = 0...n such that z;(v) # 0. In

particular fi;([v]) = ‘f;((;’)>"2 % 0. It follows that S; separates points. Since S7 generates S

as a x-algebra, the conclusion follows from the Stone-Weierstrafl theorem.

Toeplitz quantization of PV. The Toeplitz quantization map T} : C*®(PV,C) —
End(Bjy) takes the form:
’U7k> <U7k‘B

_ Nkl [ RS o p) Wrs

This map is surjective since PV is compact. Using relations ({.17), we find:

Tk (f1s) =

(n+k)! L allv,k+d)(v,k+d|g@h’  (n+k)! o @
y S ERGER (n+k+m)

n!
In particular, we have:
1 f

Tlfia) = S g
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Berezin quantization of PV. The Berezin symbol map oy : End(B;) — C*(PV,C)
takes the form:

Uk(C)([U]) = % vC € End(Bk) .

This map is injective and its inverse on the image X (PV) := im oy, defines the Berezin
quantization Qy : Xi(PV) — End(By), which is a linear isomorphism. For the func-

tions ({.24), we find:

k—m)! T
Qr(f1s) = %Pk(aT)laJPk
and in particular:
1.+,
Qu(fiy) = zajai -

Notice that Qx(frs) vanishes for m > k. Since the operators fU = Py(a")a’ P, with
m := |I| = |J| = k provide a basis for End(By), it follows that the image X5 (PV') of the
Berezin symbol map coincides with Si(PV):

S(BV) = Sp(PV) Vk>1 .
It follows that ¥j(PV') provides a weakly exhaustive filtration of (C*°(PV), || ||eo):
UX Sh(BV) = C2(PV) .

The Berezin transform [y, : C*°(PV) — 2 (PV) takes the form:

n W U 2k
BN =) =" m(u)w , >\>

v ! [lull[f]]

Notice that again Berezin and Toeplitz quantizations use Wick and anti-Wick orderings,
respectively. An extension of this quantization providing access to vector bundles over
quantized P™ has been presented in [B(].

5. Berezin-Bergman quantization

In this section we discuss a generalized Berezin quantization procedure which clarifies the
proposal of [i. This prescription, which we call Berezin-Bergman quantization, is relevant
for compact complex manifolds endowed with a Bergman metric.

Let (X, L) be a polarized compact complex manifold and assume that L is very ample
with dimcH%(L) = n + 1. We let Ey := H°(L*) and dimcEy = M;, + 1 (thus My = n).
The homogeneous coordinate ring R(X, L) = @3 HO(L*) = @22 | E), of X with respect to
L is generated in degree one and we have an isomorphism of graded algebras:

¢:R> B/I (5.1)

where B = EBZO:OE?]“ is the symmetric algebra over the vector space Fy := H°(L) and I
is a graded ideal in B generated in degrees > 2. The algebra B can be identified with
the algebra of polynomial functions on Ef, and thus with the coordinate ring C[E}] of

-39 —



the affine space SpecB over Ef ~ C""!. As a graded algebra, it is also the homogeneous
coordinate ring of the projective space P[E]]. The Kodaira embedding i : X — P(E})
defined by L presents X as a projective variety in P[E{], whose vanishing ideal equals I,
and whose homogeneous coordinate ring equals R. Writing B = @72 By, and I = ©72 I,
the homogeneous components satisfy I, C By as well as:

Ek ~ Bk/Ik .

Let us now consider a scalar product (, ); on E; and the associated Bergman metric
on X, whose Kéhler form we denote by w. We also let h be the induced Bergman Hermitian
scalar product on L. For every k > 1, we have two natural ways to induce a scalar product
on HO(LF). The first choice is to take the L2-product:

wn
st = [ Sl

where hj, = h®*. Performing generalized Berezin quantization with respect to this sequence
of products leads to the classical Berezin-Toeplitz theory discussed in the previous section.
The second choice is as follows. The product ( , ); on E; induces a scalar product
(, )p on the symmetric algebra B = EB,;“;OE?k via the prescription:
1
(81 ®...8, tl ©... tl)B = Eék’l Z (81, to‘(l))l N (Sk, to‘(k))l s (52)

€Sk

where S}, is the symmetric group on k letters and s;,t; € Fq. Notice that the completion of
B = EB,;“;OE?k with respect to the product (f.9) is the bosonic Fock space over the n + 1-
dimensional Hilbert space (Ei, (, )1). Of course, this can also be viewed as the Bargmann
space over V = E7, which appeared in the quantization of the affine space A[V]. Thus we
can view B as embedded in the Bargmann space B(V), and (p.9) is the restriction of the
Bargmann product ([L.10) to B.

Using the scalar product (5.9), we can identify Ej ~ By, /I), with the orthogonal com-
plement I} = {s € By|(s,t)p = 0 Vt € I}} of I} in B. This identification gives a scalar
product (, )x on Ej, which is induced by the restriction of (, )p to I;-. To state this
precisely, notice that the Kodaira embedding i : X < P[E}] defined by L allows us to iden-
tify By with the space of holomorphic sections of H*, where H is the hyperplane bundle
H = Op[Eﬁ(l):

By, = H°(H)

Furthermore, the homogeneous component I of the vanishing ideal I can be identified with
the kernel of the pull-back map (restriction) on sections i} : HO(H*) = By — HO(LF) = E}:

Iy, = ker iy, .

Since i}, is surjective, it induces an isomorphism 1y, : I ,CL — FE}., whose inverse ¢y, := wk_l :
Ey — It ~ By /I; we can take as the homogeneous k-component of (b.1). We define (, )x
as follows:

(8,t)k == ak(dr(s), b (t))B , (5.3)
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where the scaling constants:

voly,(X) Np+1
Vol (PV) My, + 1

Q1=

are chosen for later convenience. Here, vol,,(PV) = 4.

Definition. The Berezin-Bergman quantization of (X, L) determined by the scalar prod-
uct (, )1 on HO(L) is the generalized Berezin quantization performed with respect to the
sequence of scalar products (, ), on H°(L¥) defined in (f.J).

Using the orthogonal decomposition By = Ij, & I;-, let us pick a ( , )p-orthonormal
basis Sp...Sn, of By such that Sy...Sy, is a basis of Ikl and such that Sy, 41...5n,
is a basis of I. Then i;(S;) = 0 for j > M, and the sections s; := ﬁzZ(SJ) (with
j =0... M) give an orthonormal basis of the space (E, (, )x). The epsilon function of
PV at level k takes the form:

N N +1
PV _ k =
EV([]) = jz_o P (DS (D, S5(01) = S5

Restricting this identity to X shows that the epsilon function of the pair (hg,( , )x) is
constant on X:

M,
(o) = Y hlsy (o). 55(0) = o @eX)
=0 v

In particular, the induced scalar product ( , ) coincides with the L?-scalar product (, )
iff the epsilon function of the latter is constant, i.e. iff kw is balanced.

We now consider the generalized Berezin quantization of (X, w, L, h) with respect to
the sequence of induced scalar products (, ), on E, = HO(LF),k > 1. We have surjec-
tive Berezin symbol maps oy : End(Ex) — C*°(X) whose images we denote by X, and
associated quantization maps Qy, := (ok|x,) ™! : ¥x — End(Ey).

Let A be the orthogonal projector of By, onto [ kL with respect to the product (5.9). It
is easy to see that the Rawnsley coherent states of Ej with respect to (, )i are given by:

o) = it (Ao, k) = —i*(jo,k) Yo e CX)\ {0} C V|
(677 (697

where C(X) = Spec(B/I) C V is the affine cone over X. The second form follows from
the fact that the component (1 — Ag)|z, k) along Ij vanishes for z € C'(X), so that:

Ag|v, k) = |v, k) for ve C(X) .
The Rawnsley projectors take the form:

Pg)k) _x |U7 k> <U7 k|B

[v] U © <U, k‘|U, k>B o Py, ([U] €eXC PV) ) (54)
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while the Berezin symbol of an operator C' € End(F}) is given by:

n(©)(p]) = ET (5.5)
where C := ¢ 0 C o it = ¢poCo gb];l o Ar € End(By) is the transport of C' to an operator
on By through the isomorphism ¢y : B — I,i- C By.

Recall that the operators fr; := Py(a’)!a’P, (where |I| = |J| = k) form a basis
of End(By). Thus space End(I) is spanned by the operators ApfrsA, and End(Ey) is
spanned by:

fry=iiofrrode (I1=|7]=k) .

We have ]g}J := Ay fr7A,. Applying (B.8) to these operators, we find:

(v, k| frslv, k)

or(f17)([]) = (v, kv, k)

=fo(v]) (e X) .

It follows that:
Qr(frilx) = f1s

where frj|x := frjoi € C>(X). We conclude that X (X) is spanned by the restrictions
f[J‘X with ‘[‘ = ’J’ = k. Since Sk(]P’V) C S]H_l(]P’V), we have Ek(X) C 2k+1(X). The
union §(X) = Up>0X,(X) (where Xy := C consists of the constant functions on X) is a
filtered unital *-subalgebra of the C*-algebra (C*°(X), || ||oc). Since the %-algebra S(PV) is
generated by S;(PV), it follows that S(X) is generated by 31 (X) as a x-algebra. Moreover,
Y1 (X) separates the points of X since X can be viewed as a subset of PV and since &1 (X)
separates the points of the latter. It follows that S(X) is dense in (C*°(X), || ||oc)-

Remark. Let I be generated by p homogeneous polynomials F ... F), of degrees at least
two. Since a; act on the Bargmann space as multiplication by z;, we have the linear
decomposition I = >, im Fj(a), where im denotes the image of a linear operator and all
operators are taken to act in the space B. It follows that:

It =) kerFy(a') ,

where f is the polynomial in zj ...z, obtained by conjugating all coefficients of f. Since
T

a; act as 0;, the operators in the right hand side are holomorphic differential operators:

Fi(a") = F(8...0n)

and we find that I' is the graded vector space of those solutions s of the system of the
following linear holomorphic partial differential equations with constant coefficients:

Fi(9y...0n)s(vg...v5) =0, (5.6)

which are homogeneous polynomials in vg...v,. The graded components I kl C Bg can
be obtained by restricting to homogeneous polynomials of degree k, which amounts to
imposing the condition:

Gs =ks , (5.7)
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where G = )" v'0; is the Euler operator. These equations determine the unique exten-
sion of a section s € H(X, L*) to a section of H(PV, H¥) lying in IkL. The point is that
the system (p.6), (5.7) has a unique polynomial solution which has prescribed behavior on
the affine cone C(X) C V.

Relation with fuzzy geometry. A procedure for defining fuzzy versions of compact
Hodge manifolds X was proposed in [i]. It is clear from the above that:

The proposal of [1] amounts to defining the fuzzy version of X as the generalized
Berezin quantization of X with respect to the sequence of induced scalar products ( , )
on the spaces By, :== H 0(L"f). This quantization prescription agrees with classical Berezin
quantization at o fived level k iff kw is balanced. 1t is also easy to prove the following:

Proposition. The Berezin-Bergman quantization of PV coincides with its classical
Berezin quantization.

Proof. The vanishing ideal I is zero in this case, so the Berezin-Bergman scalar product
(', )i of section 5 coincides with the restriction of the Bargmann product (, )p ({.10)
to Ej (recall (p.9) the intermediate scalar product (, )p induced by (, )1). Since (, )p
coincide with the L2-product (, ), up to a constant scale factor, the results of section 3
show that the generalized Berezin quantization based on ( , ) is equivalent to that based
on (, )k. The first quantization is the Berezin-Bergman quantization, while the second is
the classical Berezin quantization of PV

6. Harmonic analysis on quantized Hodge manifolds

In this section, we discuss the construction of a “fuzzy” Laplace operator on Berezin quan-
tized compact Hodge manifolds. There are two obvious choices: the Berezin push and the
Berezin-Toeplitz lift of the ordinary Laplace operator. We use the former to calculate the
approximate spectrum of the Laplace operator for two examples and employ the latter
to define fuzzy scalar field theories on arbitrary compact Hodge manifolds. Let us fix a
compact prequantized Hodge manifold (X, w, L, h).

6.1 ‘Quantizing’ the classical laplacian

Let us take p to be the Liouville measure defined by the Kéhler form w and fix some
generalized Berezin quantization of (X,w). Recall (B.26) that the space C*°(X) carries the
L?-scalar product induced by the Kihler metric:

< f,g-= /X Z—ng (6.1)

as well as the scalar products ([3.27):

wr
<f».g >'ek:/ _'Ekfg ;
x n:
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On the other hand, the Berezin algebras (3j, o) (where ¥y = o(End(E}y)) with Ej =
HOY(LF)) carry the Berezin scalar products (B.29) induced by the trace (8.2§):

<fgro= [ Fora= [ Zrarous = (Qulh).Qulalns - (62

The Laplace operator A of (X,w) is Hermitian and positive with respect to the ordinary
L?-scalar product (B.I]) on functions, which is the realization of (B.24) in the case at hand.

The Berezin push. Considering the symbol spaces Yi, we define truncated Laplacians
Ap Y — X via:
Ap=mpoAlg, ,

where 7y is the <, >=-orthoprojector on X inside C*°(X). Explicitly, let the Kahler form
be given by w = wij—dzi A dZ’ in some local coordinates z* defined on a Zariski open set and
let 3j be spanned by the functions e; € C>°(X) with ¢ = 0,..., N;. The Laplace operator
of (X,w) takes the form:

Af = w000 .

and the orthoprojector 7y, : C*°(X) — X is given by the map:

N "
nif) =Y | Ger recx) (63)

Notice that Ay is <, >-self-adjoint and positive on ;. The truncated Laplacian
need not be Hermitian with respect to the Berezin scalar product, so the Berezin push
AE = Qo Ay oo may generally fail to be Hermitian with respect to the Hilbert-Schmidt
scalar product on End(Ey). It follows that the Berezin push AE does mot provide a good
general notion of “fuzzy Laplacian”. In fuzzy field theory, the fuzzy Laplacian is used when
building the kinetic term for scalar fields in the “fuzzified” field action, which is defined on
End(FE)). Since the natural scalar product on that space is the Hilbert-Schmidt product,
the kinetic term should be specified by an operator which is (, )ps -Hermitian and positive.

The Berezin-Toeplitz lift. The discussion of section 3.8 shows that the Berezin-
Toeplitz lift (B.34) of the Laplacian:

A =T,oMi oAocoy: End(Fy) — End(E}y)
€k

is a positive Hermitian operator on (End(E}y),(, )us). Moreover, the Berezin-Toeplitz

transform (B.37):

Aoy = Bmod © Als, =ProM1 oAly, : X — X
€k

is Hermitian and positive-definite with respect to the Berezin product (f.3). We will view
Ay (equivalently, A,, ) as the definition of the “fuzzy Laplacian” at level k. Explicitly, we
have:

A(C) = /X V@) PP (Aok(C))(x)  (C € End(Ey))

n!
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and: "
w

Bo (@) = [ S @NE) (e

X
where we used the integral expression (B.3() for the modified Berezin transform:

B () () = / )Wl y) ()

We are using W; which is the squared two-point function ([B.10) at level k:
i (2,y) = o (PP (y) = o (P (@) = tr (PO P

6.2 The case of Kihler homogeneous spaces

Recall that a Kéahler manifold (X, w) is called a Kéahler homogeneous space when its group
of holomorphic isometries Aut(X,w) acts transitively on X. In this case, the equivariance
properties of Berezin and Berezin-Toeplitz quantization allow one to use representation-
theoretic arguments in order to extract further information. Let us consider the case of
simply connected coadjoint orbits X = G/H, where we can take G to be a compact simple
Lie group. This includes the case of projective spaces P”, which corresponds to the choice
G = SU(n + 1). In this situation G = Auty, ,(X,w) = Aut(X,w). This class of spaces has
been studied in great detail, so we will only make a few basic remarks for use in the next
subsection.

Consider the classical Berezin and Berezin-Toeplitz quantizations of such a space. The
general discussion of section 3 shows that all objects associated with these quantization
schemes are G-equivariant. In particular, G-invariance of the (absolute) epsilon function
implies that it is constant and given by:

N +1

&= Yol (X)

where N+ 1 = dimFE}y. The unitary representation p; of G in Ej, gives the decomposition:
By, = ©gerep(c)Ro @c Ex(0) ,

where Rep(G) is the discrete set of unitary finite-dimensional irreps of the compact Lie
group G, Ry are the corresponding G-modules and Ej(6) are (possibly zero) Hermitian
vector spaces. Their dimensions my(6) := dimEy(0) > 0 are the corresponding multiplici-
ties. Of course, only a finite number of irreps appear with non-zero multiplicity in the sum
above, i.e. we have Ej(6) = 0 except for a finite number of values of §. The Hermitian
vector space (End(Ey), (, )us) = Ej ® Ej, carries the unitary representation py, = p; ® pi,
whose orthogonal decomposition into irreducibles we write as:

End(Ey) = @pcrep(a)Ro @c Wi(0) . (6.4)

The equivariance property (B.14) of the bijection Qy : ¥ — End(Ej) shows that the
Berezin quantization map is an isomorphism between the unitary G-modules (X, <, >p
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,T|s,) and (End(Ey), (, )us,pr). Accordingly, ¥ consists of representation functions for
G and has the <, > pg-orthogonal decomposition:

Yk = Ggerep(a) B0 @C Yr(0) (6.5)
while @y has the form:
Qr = ©ocrep(@)idr, ® Qr(0) (6.6)

for some isometries Qi (0) : Xx(6) — Wy(0). The Berezin symbol map is also T-equivariant
and thus takes the form:

0k = @perep(c)idr, @ or(0) , (6.7)

where 0 (0) = Qr(0)~1 : Wi(0) — Zk(6). A similar argument shows that the (restricted)
Toeplitz quantization map takes the form:

Tk|s;, = ©oeRrep(@)idr, @ Tr(0) (6.8)

for some bijections Ty (0) : Xp(0) — Wi(0). Unlike Qy, the operators Ty (f) need not be
not unitary since 7Tj need not be unitary with respect to the scalar products <, >p and
(, Yus. Combining the above, we find that the (restricted) Berezin transform decomposes
as:
Bls;, = Soerep(@)idr, ® Br(0) , (6.9)
where [ (0) are linear automorphisms of the subspaces ¥ (0).
Since X = G/H is a Kdhler homogeneous space, its Laplace operator A : C*(X) —
C>(X) is G-invariant:
Aor=170A (1€ Aut(X,w)) .

It follows that'® A(X)) C X (thus Ay = Alyx,) and that we have a decomposition:
Ak = Bgerep(a)idr, @ Ag(0) (6.10)

for some linear operators Ag(6) acting in the spaces 3 (). It is now clear that the Berezin
push (B.7) and the Berezin-Toeplitz lift (B.34) of A take the forms:

AR = Bgerep(a)idr, ® AL (0)
and:

Np+1 4 . )
volw(X)Ak = DoeRep(@)idRry ® Ax(0)

where AP (0) = Qx(0) 0 Ag(8) 0 0% (8) and Ay (0) = Ty (h) o Ay(h) 0 o4(6). Furthermore, we
have the decomposition:

N +1
vol, (X)

where Ao, (8) = Br(6) o Ar(6). The relation T, = Qg o B gives Ti(0) = Q(6) o Br(6).
Of course, the coherent states in this case can be determined explicitly through Perelo-

Aoy = 69GeRep(G)idRe ® A, (0)

mov’s method, and the operators Q(0), T (0), x(6) etc. can be expressed in terms of the
representation theory of G.

15This recovers the observation of [@] that A preserves Xi on all flag manifolds when using the classical
Berezin quantization with respect to their homogeneous Kéhler metric.
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Remark. A particularly simple case arises when all non-zero multiplicities mg(6) in the
decomposition (f.4) equal one. Then all non-vanishing spaces Wy (6) are one-dimensional
and can be identified with the space C of complex numbers upon fixing a normalized
vector in each of them. The non-vanishing components Q (), Ty (0), ox(0), Ox(6) are simply
complex numbers, and we find:

vol, (X) .
Aok = W @96R0p(G):mk(€)¢0 ﬁk(e)Ak(e)ldRG

and: L(x
Ap = —V](\)r:_('_ 1) DoeRep(G):my,(8)#0 Br(0)A (e)idRe

since in this case we have Ay (6) = ﬁk(H)AE(G). If one furthermore has G (0) € R for all
k and 6, then it follows that both Ay and A, are (, )p-Hermitian and positive and both
Ay and AE are (, )gs-Hermitian and positive. In such a situation, one can use the Berezin
push of A as a fuzzy Laplacian since it is self-adjoint with respect to the Hilbert-Schmidt
scalar product. As we shall see in the next subsection, this very particular case arises e.g.
for X = P", when the Berezin push AE coincides with the second Casimir operator of
G = U(n + 1) in the representation End(E}).

6.3 The quantum laplacian on P"

As shown in section 4, classical Berezin quantization of (P", wpg) with quantum line bundle
H agrees with its Berezin-Bergman quantization and with the construction of fuzzy pro-
jective spaces used in the fuzzy geometry literature [[[7, 9. Since (P",wrg) is the Kéhler
homogeneous space U(n + 1)/(U(n) x U(1)), and since the hyperplane bundle is equivari-
ant, the spaces Ej, = H(HF) carry a unitary representation pp of U(n + 1). Thinking
of Fj as the space Ry of homogeneous polynomials of degree k in n + 1 variables, it is
clear that pj is the totally symmetric irreducible representation, which has Dynkin labels
(k,0,...,0). The space End(E})) thus forms the (reducible) tensor product representation
(k,0,...,0)®(0,...,0,k), which decomposes into irreducibles as:
k
End(E},) = @(z,o, ...,0,0)
=0

Notice that all subspaces in this decomposition appear with multiplicity one.

The usual fuzzy Laplacian is given by the second Casimir C’ék) of U(n + 1) in the
representation py = pj ®c pr on End(Ey) = Ef ®@c Ej. The explicit form of this operator
in terms of annihilation and creation operators follows from the Schwinger construction

(cf. BA)):
A A T
ey =YL 18, £r =Y ala, (6.11)
a %]
Here 7 are the Gell-Mann matrices of su(n + 1) with normalization fixed by the Fierz

ij
Z TR = (zl5]k n+15w5kl>

identity:
Let us first show that (72( ) agrees with Af.
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Lemma. Let ngk) be the coherent projectors of P at level k and consider the vector
valued function P*) : X — End(E}), P¥)(z) := P¥ . Then C’ék) o P*) = A(PW), i.e.
P (P®) = AP® (z e X) .

T

Proof. Direct computation gives:

() = NN +n)C - Y alaicala;

where N := > &;r&i is the number operator. For simplicity, let us now restrict to the
case of P! (the proof for n > 1 follows along the same lines). With the homogeneous
coordinates denoted by zg,z;, the Laplace operator on the patch!® z; # 0 with local
coordinate z := zy/z; reads as:

Af = (1+zz)23%f.

Introducing the quantities:

2"z 1 ATNT (A - S —s
Fh= gy o Mp = 5@ @) r1oole) @)= (612)
we have:
k
k\ (k
Pk = FEME
S (1) ()

One easily checks the identities:
AFfs = k(k + 1)Fk - TSFk 1,5—1 (k - T)(k - S)Fﬁs - TSFfs - (k - T)(k - S)Fﬁ+1,s+1
and:

OV (ME) = k(k+ 1) MY —rsMF_y _ —(k—r)(k—s) M, —rsME — (k—r)(k—s) M, o4

,S—

It is also easy to check that:

Eijo () (5) ptrsatt k{j () ()t s+ o
k
2:: < >< > s (k= r)(k — s) My,

The same identity holds when F¥, and ME, are interchanged. Putting everything together,
one finds C’ék) (ng’“)) = Angk).

6Proving the identity on a single patch is evidently sufficient, as we are missing only one point on P!
and all the functions involved are in C*(P*).
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Proposition. For every k > 1, the Berezin push Af of the truncated Laplacian Ay of
P coincides with the second Casimir of U(n + 1) in the representation End(E})

AB — Cék)
Proof. Using the Lemma, we compute:
o (AF(O)) (z) = Ay tr (Pé“c’) — tr (éék)(P:gk))C)
= (PIC(0)) =0 (7)) (@) -

The next to last equality holds due to the form C’ék)(C’) => a[ﬁa, (£, C]] of the Casimir
in the representation End(Fj). The conclusion of the proposition now follows by using
injectivity of o.

We next consider the Berezin-Toeplitz lift of A. Since P" is a Kéhler homogeneous
space, the difference between the Berezin-Toeplitz lift and the Berezin push of A is an
¢-dependent rescaling on the eigenfunctions'” Y. Let us show this more explicitly. To
be concise, we will rely on results presented e.g. in [[7, B{], to which we refer the reader
for further details.

First, note that End(F}) is spanned by operators YZM, £=0,...,k, called polarization
tensors. These are the operator analogues of hyperspherical harmonics and satisfy:

C (Voar) = €0+ n) (6.13)

The multi-index M captures the same indices as for Yyp,. The polarization tensors are
orthogonal with respect to the Hilbert-Schmidt scalar product, and we choose the normal-

ization (cf. [BO)):

. — A T D I T
dim (End(Er) r(YonrYonr) = Seer O

Direct computation gives the relation [B(]:

kI(k + n)!
nl(k — Ok + 0+ n)!

ngk) — Z Tkl’/i(f)YgM(ﬂ?)?ZM s Tk,n(é) =
k.0, M

(6.14)

from which we conclude that the Berezin symbols of the polarization tensors are:

o(Vorr) = te(P8 Vi) = dim(End (B )T (0o

n
Using this, one readily computes:

1

T VA ESY % IAJT — n 1/2 , ,
dim(End(Ek))tr(YgM T(Yenr)) = vOluys (P*) T3 (€)60e Sranar

YFor brevity, we will always denote the hyperspherical harmonics on P* by Yz, where £ is the angular
momentum AYzar = £(€ + n)Yey and M is a multi-index capturing all further labels. We work with the
normalization ﬁ@") f wnL,SYlMYWM, = 0pprOprarr- A detailed discussion can be found e.g. in [@]

wps '
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from which it follows that the Toeplitz quantization of Yy, is given by:

T(Year) = volugs (B") T (0)ins -
Hence the numbers k() (cf. section 6.2), where 6, refers to the irrep of SU(n + 1) with
Dynkin labels (¢,0,...,0,¢), are given by:

o(T(Yem))
Yom

5k(95) = = dim(End(Ek))voles (]Pm)Tk’n(g)

Note that [k (6,) are real and positive. As explained in the previous subsection, this means
that both the Berezin pull and the Berezin-Toeplitz lift are reasonable candidates for the
quantized Laplacian in this case. It is now trivial to compute:

tr(Vorr O3 Vi) = dim(End(Ey,))2(€ + 1)3e Sararr

and:
tr(Yonr ApYoar) = dim(End(Ey))2volps (P) Th o (0)0(€ + 1)p0Sprar

It follows that on P™, A, and AE = é’z(k) are related to each other via the positive /-
dependent rescaling factors:

Tio.n(£) := dim(End(Ey))volyps (P")Th.n(€) (6.15)

6.4 Approximating the spectrum of the laplacian on Fermat curves

In spite of its shortcomings, the truncated Laplacian (equivalently, its Berezin push) can be
used to approximate the spectrum of the classical Laplacian. When the generalized Berezin
quantization is chosen such that m = C*(X), the operators Ay can be viewed as
approximations to the full Laplacian and the spectrum of the latter can be approximated
by computing the spectra of A. This happens, for example, when ¥ are the symbol
spaces of the Berezin-Bergman quantization, since in that case the union of ¥, is dense in
C*(X) (see section 5).

To be more explicit, we will consider the Berezin-Bergmann quantization of Fermat

curves, i.e. the projective algebraic curves X, C P? given by the equation:
f(z0,21,22) == 2h+20+28 =0, (6.16)

where (zp, 21, 22) are homogeneous coordinates on P2. These curves are non-singular and
of genus (p —1)(p — 2)/2. In the following, we will restrict our attention to the cases p = 2
(the conic) and p = 3 (the Fermat elliptic curve).

We endow X, with the Bergman metric given by the pull-back of the Fubini-Study
metric via the inclusion map i : Xp%]P’z. It will be convenient to cover'® P2
Uijki

by the patches

Ui == {2 €P? | |z| > |25] > |al} (6.17)

BThis covering together with the integration method we use has been considered, e.g., in [@]
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where we choose the normalization |z;| = 1 and denote the resulting coordinates by z,(,ij P,
One easily checks that the patches intersect only on their boundaries.
Note that z = z,(;] M is a good local coordinate on the patch U;;i. The pull-back of the

Fubini-Study metric is easily calculated by noting that:

o™ rory(ar \
or — \az)\9.9)

which is a consequence of f = 0. The patches are chosen such that the pull-back i*w(z) =:

w(z)dz A dz is always well defined. The Laplacian is given by:

A = L 00

We approximate the integrals in (f.3) by summing over the integrand evaluated at a
random sample of N points on each patch and summing over patches. To generate the
sample points, we proceed as follows, cf. [B). On the patch Uijr we pick a point z,(jj ) in

the unit disk: |z,(:j k)| < 1. The coordinate z](-ij " is evaluated as:

. . 1
Z]('wk) = gbrnd [_1 - (Z](gljk))ﬂ ! )

where ¢p,q is a uniformly chosen random p-th root of unity. If 1 > ]zj(.ij k)\ > \zgj k)], we

include the point (1, zj(»ij k), z]gj k)) in the set of sample points; otherwise we pick a new one.
We then use the formula:

1 N
/U @)= g S faulen).

n=1

The total integral is obtained by summing over all 6 patches.

Our set X is the set of symbols of Berezin-Bergman quantization at level k. Thus we
consider the polynomial ring B = 6%° By, on P? and the vanishing ideal I = (f) = & ,Ix
with I, C Bg. The space of endomorphisms of Ey = By /I is identified with ;. A basis
(e;) for Xy is constructed from a set of monomials () of degree k forming a basis of Ej
by considering all pairs v xXg, where v}, is the normalization factor:

1 1

= % o .k
HZH <1+Z§2jk)2](2jk) —I—Z](;]k)il(jjk))

(6.18)

Vg

The projector 7 : C*°(X,) — Xy is defined by the integral expression (6.9).
Given an arbitrary, not necessarily orthonormal, basis (e;) of X, we expand the eigen-
value equation Af,, = A\, fim in the following manner:

7

> lejlAle) el fr) = Am Z<€j|€i><€z|f7§1> ; (6.19)
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Figure 1: Spectra of the Laplace operator on the Fermat curves X, X3 and P? (from top to
bottom) for k = 0,1,2,3,4. The spreading of the eigenvalues is related to numerical errors.

where (,) denotes again the scalar product with respect to the L?-norm and f/ is the
(unique) function such that f; = >, e;i(e;|f),). After defining the vector f;, = ({e;|f}.)i).
the eigenvalue problem (f.19) turns into the form:

Afl, = \nBfl,

where A and B are matrices, B being invertible. The eigenvalues A, of the Laplace
operator are therefore the eigenvalues of the matrix B~1A. Note that this procedure is in
fact equivalent to the one used in [BJ].

The numerical results'® for k < 2 are presented in tables [] and . For comparison, we
ran our algorithm also for the space P? itself, choosing the same patches (in that case, Ej
is the space of linear endomorphisms of By); the results of this are shown in table f]. In
all cases, the integration was performed using 10,000 points per patch. The spectra of the
Laplace operators for k < 4 are displayed in figure 1.

6.5 Fuzzy real scalar field theory on compact Hodge manifolds

Ordinary real scalar field theory on (X, w) is defined by the Euclidean action functional:

1

Slél = volo, (X)

| 5 @ao+v() (e XR)) . (6.20)

where A is the Laplace operator of (X,w), and V(¢) = Zgzo as@® is a polynomial in ¢ of
degree d with real coefficients a; € R. Notice that we include a possible mass term for ¢ as
a quadratic contribution to V. Since X is a compact space, potentials V' of odd degree are
in principle allowed, though the consistency of the corresponding quantum theory depends
on a detailed analysis of quantum effects.

¥0ur computations are merely a demonstration of principle, as the algorithm is run on a laptop using
Mathematica. Switching to C and using more powerful computers, one can easily increase the precision.
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k | Eigenvalues of A

0 0

3.00086 3.00081

1] 1.00611 1.00588 1.00404 1.00404 0.992317 0.992314
0

11.0669 9.51623 9.13809

6.46006 5.8219  5.8219  5.5911 5.50849  5.50849  5.24445
2 | 4.17542 4.06504 3.9937  3.90068 3.90068

3.58166 3.3962  2.91584

1.95561 1.83634 1.79089 1.19609 1.10872 1.0353
0.0465755

Table 1: Results for the eigenvalues of the Laplace operator on Xs.

k | Eigenvalues of A

0| O

3.00086  3.00081

1] 1.00611 1.00588 1.00404 1.00404 0.992317 0.992314

0

13.3283 12.3062

8.70644 8.1688  8.16022 8.14907 8.13025  8.12288  8.06782
7.08575 7.05761 7.04119 7.04118 6.67228  6.63273
21497054 4.9572  4.85558 4.84641 4.84596  4.84476  4.16108
4.10807 3.92685 3.90904 3.87988 3.85214  3.53332  3.52194
1.47074 1.46942 1.46242 1.4616  1.45804  1.45203

0.00002

Table 2: Results for the eigenvalues of the Laplace operator on Xj.

k | Eigenvalues of A

0| O

1| 3.37386 3.35758 3.34758 3.23647 3.23203 3.03376 3.00594 2.99832
0

9.26534 9.26534 9.231 9.16842 9.08967 9.08967 9.08707 9.03964
8.95108 8.77926 8.60043 8.59167 8.43174 8.40971 8.37658 8.3692

2 | 8.30439 8.28543 8.25084 8.25084 8.1738  7.97861 7.95145 7.95145
7.94024 7.94024 7.48435

3.30249 3.26888 3.25238 3.23301 3.22454 3.06392 3.02943 3.01363
0

Table 3: Eigenvalues of the Laplace operator on P2 as computed by our algorithm. The exact
eigenvalues joining the spectrum at level k are given by k(k + 2) with a degeneracy of (1 + k)3.
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The discussion in the previous subsections allows us to define a “fuzzy” version of the
action (p.2() as follows:

Si(®) = tr [@Ak@) + V(<I>)] , (6.21)

where ® € End(E}). The reality condition ¢ = ¢ is replaced by the (, )ms-hermiticity
requirement & = ®. Using the relation oy (A,®) = A, o1 (P) (see (B:37)), we find:

Sk(®) = Si(on(®)) (6.22)
where:
St = oy [ 0ok Bt Vo0 = o [ S 60 B0+ V2, (0)

for ¢ € Xy such that ¢ = ¢. Here V,, (¢) := ngzo asp°F*, where ¢ := pop ... op ¢ (s
times) and we used relation (B.2§).
Working with the finite dimensional space X = End(E}) reduces the functional inte-

gral [D[¢] in the definition of the partition function:

Z = / Dig] e 9 (6.23)

to a well-defined finite dimensional integral Zi. (On P, for example, the functional measure
D[®] becomes the Dyson measure on the space of Hermitian operators on E}). Hence Zj
provide regularizations of the quantum field theory defined by (p.2(). These regularized

field theories are known in the literature as fuzzy scalar field theories.?’

Remark. Let p; be the Toeplitz quantization of the function m at level k:

1 1 w”
o ; <V01w(X)€k> vol,, (X) /X nl € End(E}) (6.24)

Clearly py, is Hermitian and strictly positive on (Ej, (, )i). Furthermore tr(px) = 1, so pg

is a density operator on Ej. For any operator C' € End(F)), we have:

1 wn

tr (ppC) = W(X)/Xﬁak(c) :

Hence the operator pj allows us to remove the epsilon function from the integral.

7. Directions for further research

Generalized Berezin quantization raises a series of natural questions about the asymptotic
behavior of the quantization maps Qy for large k as a function of the defining sequence of
scalar products ( , );. In particular, one would like to know what conditions should be
imposed on the large k behavior of these scalar products in order to ensure that the gener-
alized quantization prescription induces a formal star product on C*°(X) and thus defines a

208ee [@] for more details on this point.
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formal deformation quantization. Other natural questions involve the relation with Chow-
Mumford stability and K-stability and with approximation theorems for Kéhler metrics of
constant scalar curvature. An important set of applications concerns the quantization of
toric varieties, and the extension to the singular case.

The definition of the fuzzy Laplace operator as the Berezin-Toeplitz lift of the clas-
sical Laplacian remains somewhat ad hoc. A better understanding of the quantization of
the classical Laplacian A seems to require the quantization of differential forms and the
construction of a quantum analogue of a volume form.

It would also be interesting to examine the relevance of our general quantized spaces
within string theory. In particular, one could study the extension of the Myers effect [B4]
to more general Hodge manifolds.
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8. Glossary of notation

Notation is in page order of definition (rather than first appearance) excluding the intro-
duction. Note that (, ) indicates an induced Hermitian scalar product on Ej depending
on the situation (usually the L%-scalar products (, )) while (, ) is an arbitrary sequence
of Hermitian scalar products on Ej used in the generalized quantization procedures.

Notation Explanation Page (Eqn)

X compact complex manifold, usually Kahler and/or Hodge 5
(X,L) polarized complex manifold 7
R(X,L) homogeneous coordinate ring of (X, L) embedded in PV 10
w Kaéhler form, usually L-polarized 5

WFS Kéhler form of Fubini-Study metric 11, 41
(X, L,w) polarized Hodge manifold 5
L* Lk .= L@k 5
T(LF) space of smooth sections of L* (contains Ey) 6
(L, h) Hermitian holomorphic line bundle on (X, w), “prequantum bundle” 6
(X,w, L, h) prequantized Hodge manifold 6
Aut(X,w, L, h) automorphism group of a prequantized Hodge manifold 6
Auty p(X,w,L,h) Aut(X,w,L,h)/U(1), subgroup of isometries admitting a lift 7
v Chern connection associated to (L, h) 5
Vi Chern connection associated to (L, hy) 6
F curvature of V 5
Fy curvature of Vy, 6
hy hy := h®F, Hermitian scalar product on L¥ 6

hp Bergman metric 8 (E)

hps Hermitian metric on H, hllfis = hg’é 41 (
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induced Bergman Hermitian scalar product on L 46
n positive (Radon) measure on X 6
e e 1= i€ 22
Lh Wh = Hwy, , Liouville measure defined by wy, 23
L2(X, h, 1) L2-completion of T'(L*) with respect to (, )z’h 6
Pk group action of Aut(X,w, L, h) on End(H®(LF)) 6 (E)
Ey space of holomorphic sections of L& 12
T action of Auty, 5 (X,w) on C*°(X) 17 (
Ex Hilbert direct sum of Ey, Ex := ®peo(Ek, {5 V&) 31 (@)
B symmetric algebra associated to E, B := @2 (E®* 35 (@)
B(V) weighted Bargmann space B(V) := L | (V, dv) of v-square integrable 37
entire functions on V
L(B) algebra of bounded operators on B 39
T tautological bundle, 7 = Op(y)(—1) 40
H hyperplane bundle H = Op(y(1) dual to 7 41
I graded ideal in B defined by ¢ : R = B/I 45 (m)
C’ék) fuzzy Laplacian, second Casimir of U(n + 1) in pj representation 55 (
T Gell-Mann matrices of su(n + 1) 55
Yorr hyperspherical harmonics on P™ 57
Ye M polarization tensors 57 (
T n(0) Tin(0) = iy 57 (b.19)
o lower Berezin symbol map 14 (E)
ok Berezin symbol maps 12
Q generalized Berezin quantization map 14 (E)
Qr Berezin quantization maps 12
T generalized Toeplitz quantization map T : C°°(X) — End(E) 24 (
Ty Toeplitz quantization map T at level k 30
Jéi Berezin transform with respect to ( , ) 25
B Berezin transform (3 at level k 30
Bmod modified Berezin transform 28 (
B formal Berezin transform 33 (E)
0B Berezin push of O 16 (E)
VB Berezin pull of V 16 (@)
D Berezin-Toeplitz lift of D 27 (
Do Berezin-Toeplitz transform of D 28 (
eq Rawnsley coherent vector corresponding to g € Lo 13
ex Rawnsley coherent state at © = m(q) 14
egk) Rawnsley’s coherent vectors in projective case 43 ED
Py coherent projector 14 (E)
P[(UI? Perelomov’s coherent projectors in projective case 43 m’
P[(UI? Rawnsley coherent projector in Berezin-Bergman quantization 48 (Q)
,E’“) Coherent projectors of P™ at level k 55
v squared two-point function 16 (
(, )Z'h Hermitian scalar product on I'(L*) with respect to measure p 6 (a)

Hermitian scalar product on I'(L*) with respect to Liouville measure
n
Mo = Tp

scalar product on space of smooth functions on Us
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7 (kd)




() L2-scalar product on E = H?(L) defined by h, i.e. {, ):=(, )} 9

(s Jus Hilbert-Schmidt operator product 15
()x ()x = TR0, 31 (L))
G Ve scalar product on Bj, associated to h’g‘s 41 (
(, )B Bargmann product 42 (
€ €:= %, epsilon function of h relative to (, ) 8 (E)

€ may also refer to absolute epsilon function of h 9

¢, ) arbitrary Hermitian scalar product on E distinct from ( , ) 18
<, >B Berezin scalar product 15 (@)
<, = scalar product on C'*°(X) induced by p 22 (
<, >e scalar product on C*°(X) induced by pe 22 (
Eiv epsilon function in projective case 43 (

* formal star product 32

*T Toeplitz star product 32

*B Berezin star product 33
o Berezin product (aka coherent state star product) 15 (@)
Ok Berezin product (aka coherent state star product) at level k 34 (E)
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